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^3 THE 

ELEMENTS OF OPTICS. 



SECTION I. 

ON THE NATURE OF LIGHT AND THE 
LAWS OF REFLECTION AND REFRAC- 
TION. 

Art. I. TlY Optics w^ un4crftand that branch of 

X3 Natural Philofophy which treats of the • 
nature and properties of Lights and the Theory of Vifion. 

2. Modern Philofopkers have made two hypothefes 
xo explain the manner in which vifion is produced by 
Jiuminous objcfts. Des Cartes, Huygens and* 
lE^VLSSL^ fuppofe that there is a fubtjle, elaftic mediura 
which penetrates all bodies, and fills all fpace ; and 
jkm, vibrations, excited in this fluid by the luminous 
body, arc prc^agated thence to the eye, and produce 
the fen&tion of vifion, in the fame manner that the 
vibrations of the air, ftriking againft the ear, produce 
the fenfation of found. 

Jt has been objedted to this hypothefis, and the ob- 
jedion has never been anfwered, that the vibrations of 
w j^laftic fluid are propagated in every direftion, an4 
into every corner to which the fluid extends y on the 
fiippofition therefore that fight is nothing more than 



2 NATURE OF LIGHT. 

the effeft of the vibrations of (uch a fluid, there could 
be no (hadow, or darfcnefs. '-"^ * ♦^ 

If it be faid that the fluid, by means of whic^Xffip^ 
is excited, is diflferent from all other elaftic fluids, the 
efiefit is aicribed to a caufe, the nature of which is 
unknown; and the hypothefis amounts to nothing 
more than a con^flion, that we are ignorant in what 
manner vifipn is produced. " '^ 

The other hypothefis, adopted by Sir I. Newton 
and his followers, is, that light confifts of very fmall 
particles of matter, which are conftantly thrown off 
from luminous bodies, and which produce the (enfation 
of vifion by adusd impaft upon the proper organ. 

In fevour of this hypothefis, it is obferved that the 
motion of light is conformable to the laws which regu- 
late the motions of fmall bodies, under the {ame cir- 
cumftances: Thus, where it meets with no impediment, 
it moves uniformly forward in right lines*; and in it's 
paffage into, and refleftion from different mediums, the 
direftion of it's motion is changed as it would be, did 
it confift of fmall particles of matter, attracted towards,, 
or repelled from' the furfaces upon which they arc 
incident "f. 

Whether light has other properties of matter or not, 
is a queftion which does not appear to haye been fairly 
r decided ; we may however be allowed to confider it as 
material, and to (peak of it as confiding of particles 
of mattery till a more (atisfaftory hypothefis can be 
framed ; efpecially, as we deduce no conclufions frpm the 
fuppofition ; — we build no theory upon this founda- 
tion. Thofe properties of light from which our theory 
of vifion is derived, are difcovered by eiqperigient, and 

they 

• Vid. J^{il ArtT-47. t Newt. Princip. Pnjp. 94, 96. 
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tliey are wholly independent of any hypdthefis refpeft- 
ing the manner in whicL the fcnfation is produced ** 
^ 3. Mr. RoEMERj a Danifli Aftronomer, fifft dif* 
covered that light is propagated in time, and not com- 
municated inftantaneoully from the luminous body to 
the eye. The difcoVery was made by obferying that 
the eclipfes of Jupiter's Satellites happen fooner, when 
he is in oppofition, and later when he is in conjundlion, 
than they ought to do accOrdirtg to calculation^ 
made on fuppofition that he is at his mean dif- 
tance from the earth. To reconcile this difference 
between the obfervations and calculatiohs, it is neceflary 
to allow about 8' for the time in which light paffes over a 
radius of the earth's orbit ; and the truth of the fup- 
pofition is fully confirnied by Dr^ Bradley's difcovery, 
of an apparent change of place in the fixed ftars, which 
arifes from the progreffive motion of lights compounded 
with the motion of the earth in it's orbit -|*. 

4, Though we are, in many refpefts^ ignorant of t^e 
nature of lights we know that it CQhiifts of diftindt and 
independent parts. • 

For^ it may be ftopt)ed one moment, ^nd the next 
fuflferyd to proceed ; or a portion may be flopped, 

whHft"iy^e reft of the light is fuffered to go on. 

5v DeE The leaft portion of lights which may be 

ftopped alone^ or propagated alone, or do or fuffer any 

thing which the reft.of the light doth not or fuflfersnot, 
is called a jR^j)^ ^ X;^^* 

Rays 

* See Horilcy*s Mewt. Vol. iv. p. 365. 

+Thc vefodity of light, determined by thde diftrent obremtions, 
id tteaily'thc fame, and about 195,000 miles per fecond: Hence 
We conclude that the velocity of light is uniform^ and that diitd 
&md refle&d rays move at the Gant rate. 

A 2 
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« 

Rays of light arc reprcfentcd by lines, drawn in the 
diredions in which the particles move. 

6. Dcf. Whatever aJSbrds a paflage to the rays of, 
light is called a Medium y as glafi, water, »r, &c. and 
in this fenfe, a vacuum is called a medium. 

7. Def. The denjity of light is meafured by the 
liumber of parts, or particles uniformly diffiifed over a 
given furfecc. 

Cor. If the fur&ce be not given, the denfity varies 
as the number of particles direftly, and inveriely as the 
area over which they are difiufed. 

8. Rays of light are not lines of contiguous parti* 
clcs. 

For, rays proceed from every vifible point in the 
univerfe to every other point ; and, in their progrefs, 
Jiafi freely through torrents of light ifluing in all direc- 
tions frx>m different funs, and different fyfrems ; but 
were the particles in each ray contiguous, one ray 
could not crbfs another without producing fome con- 
fufion and irregularity in each 3 and thus vifion would 
be rendered inditlinA and precarious. Neither is (ucb 
contiguity of the pardcles of light necefTary to produce 
conftant %i(!on; tor» if a burning coal be made to de- 
fcribe a circle^ with a fufficient velocity, the whole 
cncumfelrtnce appears luminous i which (hews that the 
unprcffion made by the light upon the fenibrium, 
when the coal is in any one point of the circumference^ 
fcnuuns till the coal returns again to the fiune pcmit *. 

9. There 

• Ii u okfarvtd that if tlie revokitioB of xhtt ood be perfimnd 
hxY'% the wkok tuxte appears lumii^piu; that is, if the partkls 
fticc<«d ««ch ^di«r at m iiucrvjd which does w>t exceed diat tim^ 
fgitfbui viteML Upoxiuc<d: ;juai fictcc %ht paflib orer mher mofe 
ihftu UaQOO aite^ i« 7 '' > U the diftHKC of the paniidcs IB a a^ 



PROPERTIES OF LIGHT. 5 

9. There is fomething extremely fubdle in the 
•nature of light; and it's properties can with difficulty 
be explained, cither on the fuppofition of it's mate- 
- riality, or on Aat of it's being only a quality of an elaftic 
medium. The facility, and regularity with which it is 
tra»fmitted through bodies of confiderable denfity, 
cannot be accounted for on either hypothefis. If it 
confift of particles of matter, which is much the more 
probable fuppofition, their minutenefs greatly exceeds 
the limits of our faculties, even the power of human 
imagination, Notwithftanding the aftonifhing velo- 
city of thefe particles (Art, 3), their momentum is not 
fb great as to difcompbfe the delicate , texture of the 
eye ; and when they are coUe&ed ^ in 4he focus of a 
powerful burning glafs, it feems doubtful, whether 
they are <»apable of communicating motion to the 
thinnefl lamina of metal that can be expofed to their 

impadt. 

Prop. I. 

10,.^ ray of lights whilji it continues in the fame uniform 

medium *, proceeds in afiraight line. 

For, objefts cannot be feen through bent tubes; and 
the (hadows of bodies are terminated by ftraight lines. 
' Alfo, the conclufions, drawn firom calculations made on 
this fuppofition, are found by experience to be true. 

II. Cor. ft Hence it follows, that the denfity of 
light varies inverfely as the fquare of the diftance from 
a lumiBous point ; fuppofing no particles to be 
flopped in their progrefs. 

For, 

greater than 22^000 miles^ they are fuffidently near to anfwer the 
purpofes of conflant vi£on. Sir Ifaac Newton fuppofes the im* 
preffion to continue about one fecond of time. Vid, Opt. Qu. i6. 
* In fpeaking of a medium^ we always fuppofe it to be unifbiTn, 
unltis the contrary be exprefled. 

A3 
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For, if the point from .which the light proceeds be 

J confidered as the common center of two fpherical fiir- 

faces, the fame particles, which are uniformly diffufed 

over the firft, will afterwards be diffufed, in the fame 

manner, pver the latter; and fince the denfity of light 

varies, in general, as the number of particles direftly, 
and inverfely as the Ipace over which they are uniformly 

diffufed (Art. 7), in this cafe, it varies inverfejy as the 

fpace over which they are diffufed, becaufe the number 

of particle^ is the fame; therefore the denfity at the 

firft furface : the denfity at the latter :: the area of the 

latter furface : the area of the former, that is, :: the 

fijuare of the diftance in the latter cafe : the fquare of 

the diftance in the former *. 

12. Def. When a ray of light, incident upon any 
furface, is turned b^ck into the medium in which it 
was moving, it is faid to be rejle5led, 

13. Def., When a ray of light paffes out of one 
medium into another, and has *it*s diredion changed 
at the common furface of the two mediums, it is faid 
to be refraBed. 

14. Def. The angle contained between the incident 
r^y and the perpendicular to the refleding, or refradting 
furface at the point of incidence, is called the angle of 
incidence. 

15. Def. The angle contained between the refle<5ted 
ray and the perpendicular to the refleding furface at 
the point of incidence, is called the angle of refie^ion. 

16. Def. The angle contaiped between the refracfted 
> ray an<;i the perpendicular to the refrading furface, at 
' jhe point of incidence, is called the angle of refraElion. 

17. Def. The angle contained between the incident 
/ . ray 

^ Flux, page %c^ 
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ray produced and the refleded or refrafted ray, is called 
the angle of deviation. 

If jR5 reprefent the refledting furface, JC ^ ray 
incident upon it, CB (he refleded ray, and PCS be 



I • 




drawn, through C, perpendicular to RS^ and jiC be 
produced to £ ; then j4CP is the angle of incidence, 
PCB the angle of refledion, ^nd BCE the apgle of 
deviation. 

If J? 5 be a refrading furface, and CD the refiaded 
ray ; then 2CD is the angle of refbdion, iand ECD 
the angle of deviation. 

Prop. II. 
18. Tie angks of incidence and refieSion are in the fame 
plane ^ and they are equal to each other. 

Let a ray of light AC^ admitted through a fniall hole 




/ 



V. 



into a dark chamber, be incident jipon the refleding 

A 4 furface 
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furface RS at the point C; and \etCB be the refle(5ted 
fay; draw CP perpendicular to the itfledor. Then, 
if the plane, furface of a board TS be made to coincide 
with CA and CPy the refleded ray CB is found alfo 
to coincide widi the plane TS ; or the angles of inci- 
dence and reflexion are in the fame plane. 

Again, if from C as a center, with any radius C^y. 
the circle RPS be defcribed, the zxc AP is found ^to 
be equal to the arc PB ; therefore the angle of incidence, 
ACPy is equal to the angle of refle^on, BCP. 

The angles of incidence' and refleftion are alfo found 
to be equal when rays are reflcfted at a curve furface. 

19. Cor, I. The angles ACR^ BCS^ which are the 
Complements of the angles of incidence and refledion, 
ate alfo equal. 

2b. Cor. 2. If iBC be the incident ray, CA will be 
the reflefted ray. For, the angle PC A is equal to the 
angle PCB^ and in the f^me plane; therefore C^ is 
the feflefted ray. 

21. Cor. 3. If the ray PC be incident perpendicu- 
larly upon the rcfledting furface, it will be reflefted in 
the perpendicular CP. 

22. Cor. 4. If -rfC be produced to £, the angle 
BCE, which meafures the deviation of the ray AC 
from it's original courle, is i8o°- 4. ACB; or 180** — 
2 ^ of incidence. 

25. Cor. 5. A ray of light will be refledled at a 
curve furface, in the fame manner as at a plane which 
touches the curve at the point of incidence. 

For, the angle of incidence, and confequently the 

angle of refleftion is the fame, whether we fuppofe 

the refleftion to take place at the curve; or at the 

planCr 

Prop, 
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Prop. III. 
24. Tie angles of incidence and refraction are in the 
fame plane \ and, whilftjhe mediums are the fame y the fine 
of the ai^te of incidence is to the fine of the angle ofrefrac^ 
tiony ' in -a given ratio * . 

Upon the plane furface of a board TVy with the 
center C and any radius CAy defcribe a circle Pi2S, 




draw the diameters RS^ P2 at right angles to each 
other, and immerfe the board into a veffel of water, in 
fuch a manner that P2 may be perpendicular to, and 
RS coincide with the furface of the water. Then, if 
a ray of light, admitted through a fmall hole into a 
dark chamber, be incident upon the furface RS in the 
direftion ACy coincident with the plane of the board^ 
' CB, 

• Tlie latter part of this proportion is only to be underftood of 
rays of the (ame kind. At prefent it is not neceflary to take into 
confkieration the unequal refrangibiliiy of« differently coloured rays. 

The fines of the angles of incidence and refi:a£tion are afually^ fqt 
the lake of conciTen^fs, called the Jims $f incidence and refroQion^ 
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^ CBj the diredlion of the refracted ray, is , found to 
coincide with that plane; that is, the angles of incidence 
and refradlion are in the fame plane. ' 

Alfo^ if j4D and BF be drawn at right angles to 
PQy they are the fines of incidence and refraftion, to 
the radius CJ, and it is found that JD has to BF 
the fame ratio, whatever be the inclination of the in- 
cident ray to the refrafting furface. That is, rf aC be 
any other incident ray, Cb the refrafted ray, jJand t/ 
the fihes of incidence and refraftion, then J D : BF 
v.ad\bf. 

The ratio of the fines of incidence and refradlion is 
the fame, when the refrafting furface is curved. 

15. Cor. 1. Hence, if the angles of incidence of 
two rays be equal, the angles of refradion are alfo 

equal. 

26- Cor. 2. As the angle di incidence increafes> 
the angle of refraftion increafes. 

For, if the angle of incidence, which is always Icfs 
than a right angle, increafe, it's <ine increafes; and 
therefore the fine of refraftion, which bears an invaria- 
ble ratio to the fine of incidence, increafes; and con- 
fequently the angle of refraction increafes. 

27. Cor. 3. When the angle of incidence vanifhes, 
the angle of refraftion vanifhes alfo. In this cafe the 
ray fuffers no refiradtion. 

,28. Cor. 4. A ray of light is rcfrafted at a curve 
furfade, in the fame .manner as at a plane which touches 
• the curve at the point of incidence. 

For, the angle of incidence, and confequently the 
angle of refradion is the fame, whether we fuppofe 
the refraftion to take place at the curve, or at the 
plane, fuppofing them to be mediums of the fame kind . 

Prof» 
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IX 



Prop. IV. 

29. If a ray AC be refraaed at th fur face RS in the 
direElion CB, then a r^iy'BC, coming the contrary way ^ 
will be refrkaed ifi the direElion CA. 

The conftrudtion being made as before, let a fmall 
objeft be placed upon the board at B\ and when the 
board is immerfed perpendicularly in water, till KS 
coincides with the furface, the objeft B will be feea 




from A^ in the diredtion AC-^ and Cnccthe motion of 
light, in the fame medium, is reftilinear (Art. 10), the 
ray, by which the object is feen, is incident at C, and 
refraded in the direction CA. 

30. Cor. I. The angle of deviation of the x2ly AC^ 
is equal to the angle of deviation of the ray 5C, which 
is incident in the contrary dircdtion. 

31. Cor. 2. When a ray of light pafles out of air 
into water, the fine of incidei^ce : the fine of refraction 
:: 4 : 3 J confequently, when a ray paffes oat of water 

into 



12 SCHOLIUM. 

into ;*ir, the fine of incidence : the fine of rcfraftion 
:: 3 : 4*. 

In the fame manner, out of ^ir into glafs, the fine 
of incidence : the fine of refradion :: 3 : 25 therefore 
out pf glafs into air, the fine of incidence : tl>e fine 
of refradtion :: 2:3*. 

SCHOLIUM. 

32. The preceding propofitioi^, which are ufually 
called the Llws of Refledlion and Refraction, are the 
principles upon which the theory of vifion is founded. 
They were difcovered, and their truth has been efla- ' 
bliftied by repeated experimeate, madd: expreflly for 
this purpofe^ and it is alfo conj(^|jg|^ bpthe conftant 

agreement of the conclufions dei£r^M them, with 
each other, and with experience. "J^'-^ 

The experiments we have ''tfttotioned, are rather 
chofen with a view to give a clear ill uft rat ion of thefe 
laws, than for praftical application in proving, exaSly, 
their truth. The laws of refleftion are indeed eafily 
eftabliflied, but to determine with accuracy the pro- 
portion of the fines of incidence and refraftion, in 
.different cafes, recourfe muft be had to expedients 
which cannot, in this place, be explained. ^ The 
learner, when a little farther advanced in the fubjeft, 
may confult on this head, Sir I. Newton^s Optics, 
Seft. 2. and the Encyclopaedia Britannica, Ah. Tele- 
fcopes, p. 356. 

33. When a ray of light paffes out of a rarer 
medium into a denfer, that is, out of one which is 

fpecifically 

• Thefe numbers do not exprefs the exafl proportions^ as will be 
feen hereafter; but they are fiifficiently accurate for oar prcfent 
purpofe. , 
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^cifkally lighter, into one which is fpecificalljr heavier, 
it is, in general, turned towards the perpendicular j 
and the contrary* 

Though this Is not univerfally the cafe*"^, yet in the 
fubfequent part of the work, when we have occafidil 
to (peak of a denfer medium, we (hall always fuppofe 
it to have a greater refrafting power. 

34- When light is reflefted or refracted at a poli(hed 
furface, the motion of. the general body of the rays is 
conformable to the. laws above laid down ; fome are 
indeed thrown to the eye in whatever fituation it is 
placed^; and cbnfequently, a part of the light is difr 
perled, in all diredions, by the iritgularity of tht 
medium upon which it is incident. This difperfion 
\% hbwever, much left than would tieceffarily be pro^ 
duced, were the mys feflefted or refracted by the fcKA 
parts of bodies; becaufe, the moft polifhed furfaces, 
that human irt can produce, muft have inequalities 
incorhparably greater than the particlesof light. This, 
and other cotifid^rations, led Sir I. Newton to coth* 
elude that thefe efFe<9:s are produced by fome powec, 
or medium, which i? evenly difFufed over every furface, 
and extends to afmall, though finite diftance frotn ir-f'. 

That bodies do aft upon light before it comes into 
contad with them, is manifeft from the fliadows of 
hairs, fmall needles, &c. which are niuch larger than 
they ought to be, on fuppofitiori that rays pafs by 
them in ftraight lines. In order to examine this phe- 
nomenon more minutely, Sir I. Newton admitted a 
ihiall beam of light into a darkened chamber, and 
caufing it to pafe near the edge of a (harp knife, he 

found 

• Newt. Opt, Book ft. Part 3. Prop. 10. 
f Nbwt. Opt. Book d. Prop. 8. 



v< 



•y» - 



.,'V 



14 $CHOLIUM» 

found that the rays were turned confidcrably from theif 
rectilinear courfe, and that thpfe rays were more in- 
fledled, or bent, which paffcd at a lefs diftancc from 
the edge, than thofe which were more remote. He 
alio obferved, that fome of the rays were turned to-^ 
wards the edge, and others from it; fo that rays of 
light, at different difbinces from the iiarfiices of bodies, 
are apparently afted upon by two different powers, one 
of which attrafts, and the other repels them*. 

The lavys, according to which thefe powers vary, 
have not yet been difcovercd j but fuppofing the effedts 
produced by them, at the fame diftance from a given 
furfacc^ to be always the lame. Sir I. Newton has 
ihewn, that if fmall bodies were refle&ed and refraded 
by them, the angles of incidence and refledticn would 
be equal; and the fines of the angles of incidence and 
refradlion, in a given ratio to each other -)♦. Thefe 
conclufions leave us litde room to doubt but that re- 
flexion and refraftion are produced by fuch powers ; 
and they afford fome ground for prefuming that the 
particles of light are material. 

• Newt. Opt. Book 3. 

f Princip. Prop. 94^ 96. Opt. Book i. Pm i. Prop. 6. 
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SECTION H. 

ON THE REFLECTlblSr OF RAYS AT 
PLANE AND SPHERICAL SURFACES. 



DEFINITIONS. , 

I ■ 

35 T3 Y a fencil rf rays we underftand'a number ot 
AJ rays taken coUe^Vely, and diftinft fiom 

^hereft. • , \ 

Thefe pencils confift either o^ parallel^ convertings or 
divergmg rays. 

Converging rays are fuch as approach to each othet 
in their progrefs, and, if not intercepted, at length 
meet. 

Diverging rays are fuch as recede from each other, 
and whofe direftions meet if produced backwards* 

36. The focus of a pencil of rays is that point to- 
wards which they converge, or from which they diverge. 

If the rays in a pencil, after refleftion, or refraftion, 
do not meet exadlly in the (ame point, the pencil muft 
be dimini(hed; and the focus is the limit of the inter- 
feftions of thc^xtreme rays, whei\ they approach nearer 
. arid nearer to each other, and at length coincide. In 
this caie^ the focus is ufually called the Geometrical 
focus. • 

The 
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The focQs b realy when the rays aftuaOy meet in 
that point; and imapnary^ or virtual j when their direc- 
tions .muft be produced to meet. 

37. The axir of a pencil is that ray which is incident 
perpendicularly upon the refleAing or refirafting furface. 

38. The principal focus of a reOedor, or refra&or, is 
the geometrical focus of parallel rajrs incident nearly 
perpendicularly upon it. 

Prop. V. 

39. If a ray of light he refieEled once hy each of two 
plane furf aces y and in a plane which is perpendicular to their 
common interfeSliony the angle amt dined between the firji 
•and lafi direSlions of the ray^ is equal to twice the angle at 
which the refleSors are inclined to each other. 

Let ABy CD be two plane refledors^ inclined at the 
angle AGDy SB, BD, DH, the courfc of. a ray 
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rfefleSed by them. Produce HD to O, and SB till it 
meets DH in H. Then, becaufc the /LHBG=the^ 

ABi 



AT PLANE SURFACESj ly 

\^S5= the i- DBG (Art. 19), the whole angle DBH= 
z L. DBG. In the &me manner, the t. BDO=z t. 
BDC. Andfince the A 5GZ)=ihe Z.5DC-the ^ 
DBG*, ^t\mzzL.BGD^%i,BDC~zi.DBG 
=.the Z.££lO- the ^D5//=the CBHD*. 
Prop. VI. 

40. Paralleirays, rejie5led at a plane furface, continue 
parallel. 

Cafe I. When the angles of incidence are in the 
fame plane. 

Let ii 5 be the reflecting fur&ce; JB, CD the 




incident, BG, DH the reflefted rays. 

Then the £. ABR=t\iz £-GBS, and the Z.CDR=^ 
the £.HDS [Art. 19); but, fince AB and CD arc 
parallel, the £. JSR = thc ^ CDR; therefore the 4. 
GBS = the i HDS, and BG, DH are parallel (Euc. 
38.1}. • 

Cafe 2. When the angles of incidence are in tSf- 
fereat planes. 

Let AB, CD be the incident rays; BE, DF per- 




pendiculars to the reflecting fut^e at the points of 
incidence; 
*Euc. 31. t. 
B 
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inddence; join BD-, a6d let JB be rcflefted in the 
direftion BG; alfo, let DH be the interfeftion of the 
phinesGDF, GBD. 

Then, fince ££, Z)F, which'are perpendicular to the 
fame plane, are parallel (Euc. 6. 1 1), and JBy CD are 
parallel, by the fuppofition, the angles of incidence 
jiBE, CDF are equal (Euc. lo. ii) j therefore the 
angles of reflection are equal. Again, fince EB and 
FD are parallel, as alfo AB and CD, the planes JBG, 
CZ)jy are parallel (Euc. 15. 11), and they are inter- 
fered by the plane GBDH-j confequently, DH 
is parallel to 5G (Euc. 16. ii); therefore the angles 
EBGy FDH are equal (Euc. 10. 11) j but the angle 
EBG is the angle of refledtion of the ray AB^ therefore 
the angle FDH is equal to the angle of refledtion of 
the ray CD ; and fince DH is in the plane CDF^ CD 
isreflefted in the direction DH (Art. i8}, which has 
before been (hewn to be parallel to BG. 

Prop. VIL 
41. If diverging or converging rays be refleSled at (i 
plane furf ace ^ th^ foci of incident and refieEted rays are on 
contrary fides of the reflector ^ and equally diftantfrom it. 

Let ^AB be a pencil of rays diverging from % 

ID 
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zxA incident upon the plane refleAor ACB ; draw SC 

perpendicular 



' \x ^' 
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perpendicular to the furface; then will 2C be refleded 
in the direftion C2. (Art. 21). Let 2^ be any other 
ray; and fince a perpendicblar to the furface at Jy is in 
the (ame plane with 2C and 2 A (Euc. 6. and 7. 11), 
2 A will be reflected in this plane (Art. 18). Produce 
CJ to jD, and make the angle DJO equal to the angle 
2^C, then will JO be the reflefted ray (Art. 19). 

' Produce OA, 2C till they meet in q. Then, fince 
the Z. ^^C= the ^Oy^i) = the/. 2^ C, and alfo the Z. 
jC^=the Z^2CJy and the fide CA is common to the 
two triangles 2CAy CAq, the fide 2C is equal to Cy. 
In the fame manner it may be fhewn, that every other 
refledled ray in the pencil, will, if produced back-^ 
wards, meet the axis in q ; that is, the rays, after re- 
flexion, diverge from the focus q. 

If OABE be a pencil of jays converging to j, they 
will, after reflection at the furface .^GjB, converge to 
2 (Aft. 20); t,hercfore, in this cafe alfo, the foci of 

. incident and reflefted rays are on contrary fides of the 
refledor, and equally diflant from it. 

42. Cor. I . The divergency, or convergency of rays, 
is nat altered by refledidn at a plane furface. 

43. Cor. 2. .In the triangles 2 AC, CAq^ Jq is equal 
to 2A\ if therefore any reflefted ray AO ht produced 
backwards to q^ making ^j = ^2, q is the focus of 
reflefted rays. 

44. Cor. 3. If the incident rays 2 Ay 2 j> be parallel, 
or the diftance of 2 from the refleftor be increafed 
without limit with refpeft to Aa, the difl;ance of j is 
increafed without limit, or-the reflefted rays are paral- 
lel (Vid. Art. 40)* 



B2 Prop. 
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I Prop. VIII. 

I 45. If parallel rays be iitcideiit nearly perpmdieularly 

upon ajpkerical refleSlor, the geometrical foeus of refleEted 

rayi is the middle poiia in the axis between the furface 

and tenter. 

Let ACB be a fpherical refleftor whofe center is E; 

DA, EC, two rays of a parallel pencil iacident upon it, 




of which, EC paffes through the center, and is therefore 
rcflefied in the direftion CE; join Eji, and in the plane 
DACE, make the angle EAq equal to the angle DAE, 
and DA will be refleded in ihedireftiony/j (An. r8); 
draw GAT, in the fame plane, touching the refleftor in ■ 
A, and let it meet EC produced in T. Then, fince the 
£.EA^ = thcLDAE = thc l^AEq (Euc, 29. i), Eq = 
Aq; alfo, the z. 5y^r=the i-DAG {Art. i9) = the Z. 
ATq (Euc. 29. i); therefore Aq = qT; confequentljr 
Eq = qT-, that is, q bifefls ET the fecant of the arc 
AC. Now let DA approach to EC, and the arc AC 
will decreafe, and it's fecant, at length, become equal 
to the radius; confequently the limit of the interfec- 
tions of Aq and CE is F, the middle point between E 
and Cf. 

If 

r t ft is manifeft ihat the rays, incident nearly perpendicularly, do 

I not meet accurately in F; but when the arc is brail in comparilbn 



AT SPHERICAL SURFACES. 21 

If the rays be incident upon the convex fide of the 
refleftor, the refleded rays muft be produced backwards 
to meet the axis ; and in this cafe, jP, the middle point 
between E and C, may be fhewn to be the limit of 
the interfedions of CE and jiq^ ^ before. 

46. Cor. I. As the arc JC decreafes, £f, or Fq, 
decreafes. Thus, when JC is 60% Eq—ECi and 
when JC is 45*, Jq^ is perpendicular to £C, and Eq : 

EC 11 I : v^2. 

47. Cor. 2. If different pencil's of parallel rays be 
re(peftively incident, nearly perpendicularly, upon the 




' refleftor, the foci of reflefted rays will lie in the fphe» 
rical furface SFVy whofe center is E and radius EF. 

48. Cor. 3. If the axes, EAy EC, EB, of thefe 
pencils, lie in the fame plane, the foci will lie in the 
circular arc SFF. 

49. Cor. 4. If any point 5, in the arc SFFy whofe 
radius EF is one half of -EC, be the focu$ of a pencil 

of 

f I 

of the radius, in all calculations, made fpr the conftroaion of opdcal 
inftrumcnts, F and y may be confidere4 as coincident. Thus, if the 
arc jiC be 20', and the radius be divided into 100,000 equal parts, 
Fg is lefs than one of thofe parts; and all the rays which are inci- 
dent upon the furface genemted by the revolution of the arc -^^ 
«boqt the axis EC, after refledion, cut the aads between F and f . 

^3 
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of rays racidcnt nearly perpendicularly upon the reflec- 
tor, thefe rays will be reflefted parallel to each other, 
and to Eji the axis of that pencil (Art. 20). 

Prop. IX. 

50. fFien diverging or converging rays are incident 
nearly perpendicularly upon a fpherical refieElor^ the dif- 
fance of the focus of incident rays from the principal focus j 
meafured along the axis of the pencil^ is to the dijlance of 
the principal focus from the center^ as this dijlance is to 
the dijlance of the principal focus from the geometrical focus 
of refleSed ray's. 

Let ACB be the fpherical refleftor, whofe center is 
Ey 2 the focus of incident rays ; 2Jy2C two rays of 




the pencil, of which 2C paffes through the center Ef 
and is therefore reflefted in the diredlion C2; join EJ; 
and, in the plane 2ACEy make the angle EAq equal 
to the angle EA2; then the ray 2A will be refleifted 
in the direftion Aq. 

Draw DA parallel to 2C, and make the angle EJe 
equal to the angle EAD ; bifedt EC in F. Then, 
fince the jL DAE = the jL EAe, and the L.2AE 
tssthe L, EAq^ the jL DA2y or it*s equal A2,ej 4s 
equal to the JLeAq\ alfo, the LqeA is common 
to the two triangles A2e^ ^qe \ therefore they are 

iimitar. 
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limilar, and Qe : eji :: eA\ tq\ or, fince eA^eE 
(Art. i|.5), Qe : eE :: tf£ : eq. Now let the zxc AC 
be ditnini&ed without limit, or the ray QA be incident 
nearly perpendicularly, then e coincides with F (Art. 
45 )i and the limit of the interfedions, of CS and ^^, 
- is determined by the proportion QF : FE :: FE : JF*^*. 
The preceding figure is conftruded for the cafe in 
which diverging rays are incident upon a concave fphe- 
rical furface, and the fame demonftration is applicable 
when the incident rays converge, as is reprefented in 
the annexed figure. 




If the lines DAj QA,EAy eA^qAht produced, the 
figures fcrve for thofe cafes in which the rays are inci- 
dent upon the convex fur&ce. 

5 1 . Cor. I . If f be the focus of incident, 2 will be 
the focus of reflefted rays (Art. 20) ; and 2 and q are 
called conjugate foci. 

52. Cor. 2. If the diftance 2F be very great when 
compared with F£, Fq is very fmall when compared 

with 

• When ^ is incident nearly perpendicularly upon the reileAorj 
q may be confidered as coincident with that point which is deter- 
mined by the proportion ^ : FE : FEi Fq (Vid. note page so) ; 
and all other rays, incident nearly perpendicularly, will, after re- 
flexion, cat the axis in the fame point ; therefore that point is the 
fbcua of reflefted rays. 

B4 
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with it. Thus, if the rays diverge from a point in the 
fun*s difc, and fall upon a refleftor whofe radius does 
not exceed a few feet, F and q may, fot all praflical 
purpofes, be confidered as coincident. 

53^ Cor. 3 When S coincides with £, all the rays 
are incident perpendicularly upon the refleftor, and 
therefore they are reflefted perpendicularly (Art. 21), 
or q coincides with E. 

54. Cpr. 4, The point e bifedbs the fecant of the arc 
jiC (Art. 45). 

^^. Cojr. ^. Since Qe : eE :: eE : ^y, by compo- 
fition, ordivifion, Qe : 2£ :: eE : JE^;- alternately, 
Qe : eE :: 2E : Eq\ and, when 3,A is incident nearly 
perpendicularly, QF : FE :: QE : Eq. 

j6. Cor. 6. Since EA bifefts the angle 2Jq '{ox ^ 
PAq\ 2A : Aq :: 2£ :: -E^ (Euc. 3. 6); and, when 
2^ is incident nearly perpendicularly, ^C : Cq :: 
QE I Eq, That is, the diftances of the conjugate foci 
from the center, are proportipnal to their diftances 
from the furface. 

57. Cor. 7. Since QE : Eq :: 2F : FE (Art. s5)^ 
and QE : Eq :: QC : Cq (Art. 56), we have, ulti- 
mately, 2F : FE :; 2C : Cq. 

58. Cor. 8. As the arc AC decreafes, Eq, the dif- 
tance of the interfeftion of the refiefted ray and the 
axis from the center, decreafes ; unlefs 2 coincide with 
£, or lie between E and e. 

For, 2e :: eE :: 2E : Eq (Art. 55), and as ^C de- 
creafes Ee decreafes (Art. 54) ; therefore, when 2 is in 
eE produted, the terms of the ratio of greater inequa- 
lity, 2e : £tf, are equally diminiflied, and that ratio, or 
. it's equal 2E : Eq, ipcreafes (Alg. Art. 163)5 and, 
^ace 2Eis invariable, Eq decreafes. 

When 
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When S is in £^ produced, as AC decreafes 3,e 
incre^fes, and Ee decreafes ; therefore the ratio of S^ : 
£^, or of 2£ : Eq increafesj and confequently, as 
before, Eq decreafes. 

But when 2 lies between E and e^ as AC decreafes 
the terms of a ratio, of lefs inequality Qe : Ee are 
equally, diminifhed ; therefore that ratio, or it*s equal 
2E : Eq, decreafes (Alg. Art. 163) ; and finceSjB is 
invariable, Eq increafes. When 2 coincides with E, 
J alfo coincides with it, whatever be the magnifiude of 
the 'arc -^C 

Prop. X, 
59. Tie conjugate foci, Q^and q, lie on the fame fide of 
the principal focus ; they move in oppofite direSiions, and 
meet at the center andfurface of the refle£lor. 

Since 2F : FE :: FE : Fq, we have 2Fx Fq^ 
jF£p; that is, 2 and q are fo lituated that the reft- 
angle under QF and Fq is invariable. AUb, when 2 
coincides with £, q coincides with it (Art. 53)^ in 




this cafe then, 2F and Fq are meafured in the fame 
direftion from F-y and, fince their reftangle is invaria- 
ble, they mull always be meafured in the fame direc- 
tion (Alg. Art. 473). 

That 2 and q move in oppofite direftions may 
thus be proved: the redangle 2F xFq is 
invariable J and therefore as one of thefe quantities 

increafes, 



t6 ' REFLECTION OF RAYS 

increafes, the other decrcafes; alfo, 2 and q lie the 
fame way from the fixed poinf F-, they muft therefore 
move in oppofite direftions. 

Having given, the place of 2, and FE the focal 
kngth of the reBeclor, to determine the place of the 
conjugate focus q^ We muft take 2F : FE :: FE : Fq^ 
and meafure F3, and Fq in the feme direftion firom F. 

Thus, when 2, the focus of incident rays, is farther 
from the refleftor than £, and on the fame fide of it, 
F3, is greater than FE^ therefore FE is greater than 
Fq'i or 3', the focus of refledted rays, lies between F 
and E. 

When 2 is between E and F^ q lies the other way 
from Ey and whilft 2 moves from E lo F^ q moves 
in the oppofite direftion from £ to an infinite dif- 
tance. 

When 2 is between F and C, 2F is lefs thaii FE 
or FC; therefore FC is lefs than Fq j and, fince F2 




and Fq are tneafured in the feme direction fit>m F, q 
is on the convex fide of the refleftor. 

When 2 coincides with C, 2F b equal to FCi 
therefore FC is equal to Fq-y or q coincides with C. 

When converging rays are incident upon the concave 
furface of the refleftor, 2F is greater than FC; there- 
fore FC is greater than F j ; or j lies between F and C. 

(>o. Cor, 
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6o, Cor, I . A concave fpherical refleftor leffens the 
divergency, or incteafes the convergency of all pencils 
of rays incident nearly perpendicularly upon it. 

For, if the rays diverge from a point farther from 
the refleftor thaji the principal focus, they are made 
to converge. 

If they diverge from Fy they are refledtcd parajlel 

to CE. 

If the focus of incidence lie between F and C, q is on 

the other fide of the furface; or the rays diverge after 
refleftion; and becaufe 2F : FE :: 2C .: Cq (Art. 
57), and 2F is Jefs than FE^ QC is lefs than Cq; 
alfo, the fubtenfc AC is common; therefore the angle 
contained between the incident rays QAy 2C, is greater 
than the angle contained between therefledled rays JPj 
CQ'y or the reflefted raysdiverge lefs than the incidentrays. 
If converging rays fall upon the refledor, 2F(Fig. 
page 23) is greater than FEy therefore 2C is greater 
than Cq-, or the refledcd rays converge to a focus 
nearer to the refleftor than the focus of incident rays; 
and their convergency is increafed. 

61. Cor. 2. In the fame manner it may be (hewn, 
that a convex fpherical refleftor increafes the diver- 
gency, or diminiflies the convergency of all rays incident 
nearly perpendicularly upon it. 

SCHOLIUM. 

62. It appears firom Art. 58, that unlefs the 
focus ■ coincide with the center, a fpherical refleftor 
does not caufe all the rays in a pencil either to converge 
or diverge accurately. This circumftance produces 
fome confufion in vifion, when thefe refleftors are made 
ufe of; and, by ipcreafing the breadth of each pencil, 

or, 



JS 



SCHOLIUM. 



or, which is the fame thing, by enlarging the aperture 
of the refleAing furface, in order to increafe the quan- 
tity of light, the indiftinclnefs thus produced is in- 
creafed, as we (hall have occafion to obferve hereafter.. 

To remedy this inconvenience, it has been propofed 
to make ufe of reflefting furfeces formed by the revo- 
lution of conic feftions about their axes ; and it may 
be proper to ftiew that fuch furfaces will, in particular 
cafesj caufe rays to converge or diverge accurately. 

63 . Parallel rays may be made to converge^ or diverge 
accurately 9 by means of a parabolic refteSlor. 

Let ^C5 be a parabola, by the revolution of which 
about it's axis 2 C, a parabolic refleftor is generated 1 




take F the focus; let DA^ which is parallel to 2C, be 
a ray of light incident upon the concave fide of this 
refleftor ; and join AF. Draw TAE in the plane 
DAFy and touching the paraboloid in A. Then 
fince the angle TAD is equal to the angle EAF^ 
from the nature of the parabola, the ray DA 
will be reflefted in the diredlion AF (Art. 19). In 
the fame manner it may be fhewn, that any other ray» 
parallel to 2C, will be refleded to F; and therefore 
the reflefted rays converge accurately to this point. 

If DA, FA be produced, it is manifeft that rays, 
incident upon the convex furface of the parabolcrtd, 

parall^ 
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parallel to the axis, will, after refleftion, diverge accu- 
rately from F. 

The advantage, however, of a parabolic refleftor is , 
not fo great as might, at firft, be expefted; for, if the 
pencil be inclined to the axis of the parabola, the rays 
will not be made to converge or diverge accurately ; 
and the gre&ter this inclination is, , the greater will the , 
error become. 

Cor. If F be the focus of incidence, the rays will 
be refleded parallel to the axis. 

64. Diverging or converging rays may he made to con-- 
verge or diverge accurately ^ by a reJle£lor in the form of a 
fph^oid'y and to diverge or converge accurately ^ by one in 
the form of an kyperboloid. 

Let F and B be the foci of the conic feftion, by the 




revolution of which, about it's axis, the reflefting fur-' 
fece is formed; i^the focus of incident rays 5 then 
wiH D be the focus of refleded rays. 




For, 
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For, let FA be an incident ray; join DA^ and pro- 
duce it to t/i draw TAE in the plane DAFy and 




touching the refleftor in -^; then the angle EAF is 
equal to the angle DA T, in the ellipfe, and to dA T 
in the hyperbola ^ therefore AD is the reflected ray in 
the former cafe, and Ad in the latterj thus 2> is the 
focus of reflefted rays. 

If FA be produced to /, the figures ferve for the 
cafes in which rays are incident upon the convex fur- 
faces. 

We may here remark, as in the preceding article, 
that if rays fall upon the^ refledtor converging to, or 
diverging from any other point than one of the foci, 
they will not converge or diverge accurately after 
rcfledtipa. 
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ON IMAGES FORMED BY REFLECTION. 

65. npHE rays of light which diverge from any 
A point in an objeft, and fall upon the eye, 
excite a certain fenfation iii the mind, correfponding 
to which, as we know by experience, there exifts an 
external fubftance in the place from which the rays 
proceed ; and whenever the fame impreflion is made 
upon the organ of vifion, we expeft to find a fihiilar 
objeft, and in a fimilar fituation. It is alfo evident, 
that if the rays belonging to any pencil, after reflexion 
or refraftion, converge to, or diverge from, a point, 
thfey will fall upon the eye, placed in a proper fituation, 
as if they* came from a real objedt 5 and therefore the 
mind, infenfible of the change which the rays may 
have undergone in their paflTage, will conclude that ^ 
there is a real objeft cqrrefponding to that impreflion. 
In fome cafes indeed, chiefly in reflexions, the judg* 
ment is correfted by particular circumftances which 
have no place* in naked vifion, as the diminution of 
light, or the prefence of the reflefting furface, and we 
are fenfible of the illufion ; but ftill the impreflion is - 
made, and a reprefentation, or image of the objeft, 
from which the rays originally proceeded, is formed. 

Thus,- 



^2 IMAGES^ FORMED BY REFLECTION. , 

Thus, the rays which diverge from S, after reflec- 
tion at the plane furface JCBy entw an eye> placed 




at E, as if they came from jr; or q is the image of 2. 
If then the rays, which diverge from any vifible 
point in an obje6t, fall upon a refleding or refradting 
furface, the focus of the refiefted or refrafted rays is 
the ima^e of that point. 

• 66. The image is (aid to be real, or ima^naryj ac- 
cording as the foci of the rays by which it is formed 
are real, or imaginary. v 

67. The image of a phyfical line is determined by 
finding the imj^es of all the points in the line; and of 
a furfSce, by finding the images of all the lines in the 
furface, or into which we may fuppofe the furface to be 
divided. 

Prop. XI. 

68. The image of a Jiraight line, formed by a plane 
reJleBory is a Jiraight line, on the Other Jide of the refieSor-, 
the image and objeSl are equally dijlant from^ and equally 
inclined tOy the reJleSing plane ; and they are equal to each 
other. 

Let PR be a ftraight line*, placed before the plane 

refleftor 

• It is almoft unneceflary to remind the reader that the lines, which 
are confidered as objeds, mud be phyfical lines, of fufHcient thickneis 
to refledl as many rays as are neceflary for the purpofes of vifion. 
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TcRc&ov AB; product RP, if neceffary, till it meets 
the fur&ce in ^3 draw RBr at right angles to JB^ 




A< 



D 



ic 



B 



and make Br equal to RB; join Jr; and from P draw 
PDp perpendicular to JB, meeting Jr in p; then 
will pr be the image of PR. 

Since RBr is perpendicular to ABy and Br is equal 
to jBjR, r is the image of R (Art. 41). 

Alfo, from the fimilar triangles ABRy ADPy RB : 
AB :: PD : AD; and from the fimilar triangles A Br, 
ADpy AB : Br :: AD : Dp; ex sequo, RB : Br :: 
PD : /)/>; and fince RB is equal to Br, PD is equal 
to Dp; ov p is the image of P. In the fame manner 
it may be Ihewn, that the image of every other point 
in P2R is the correfponding point in pqr; that is, 
pr is the wholeimage of PR. 

Again, fince BR is equal to jBr, and AB common 
to the two triangles ABR^ ABr^ and alfo the angles at 
B are right angles, the angles of inclination RAB, BAr 
are equal, and AR is equal to Ar. In the fame man- 
ner, AP is equal to Ap ; therefore PR is equal to pr. 

69, Cor. I. If the objeft PR be parallel to the 
refleftor, the image, pr will alfo be parallel to it. 

70. Cor. 2. If PR be a curve, pr will be a curve, 
fimilar and equal to PR, and fimilarly fituatdd on the 
other fide of the reflector. 

C 71. Cor. 
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71. Cor. 3. Whatever be the form of the objeft, 
, the image will be (imilar and equal to it. For, the 

image of every line in the objed is an equal and cor- 
refponding line, equally inclined to, ind equally 
diftant from the refleftor. 

72. Cor. 4. If rays, converging to the (everal 
points in ^r, be received upon the plane refleftor, they 
will, after refleftion, form the image PR (Art. zo). 

73. Cor. 5. Let pr be the image of PR-, and fup- 
pofe an eye to be placed at E-, pin pE, rE^ cutting 
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the refle<5or in C and D; then, confidering the pupil 
as a point, the image will be feen in the part CD of 
the refleftor; and it will fubtcnd the angle CED zt 
the eye; becaufe all the rays enter the eye as if they 
came from a real objeft pr (Art. 65). 

74. Cor. 6. When PR is parallel to -^J?, and E is 
fituated in P/J, CD is the half of pr, or PR. . 

For, in this cafe, pr is parallel to AB (Art. 69), 
and therefore CD : pr :: ED : Er :: 1:2. 

No rays enter the eye from any other part of the 
refleSor. 



Pro?, 
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' Prop. XII. 

t 

75'. fFien an obje£i is placed between two parallel plane 
reJle^orSj a row of images is formed which are gradually 
fainter as they are more remote^ and at length they become 
invijible. 

Let AB^ CD be two plane refledors, parallel to each 
other; E an objeft placed between them; through 



I 



M 



^ 



B 



F \L 



^^ 



N 



D 



E draw the indefinite right line NEI perpendicular 
to ABy or CD. Take FG:=FE; KH^KG; FI= 
FH, &c. Alfo, take KL = KE; FM^FL-, KN^ 
KM, &c. 

Thexi, the rays which diverge from £ and fall upon 
ABj will, after refleftion, diverge from G (Art. 41); 
or G will be an image of E. Alfo, thefc rays, after 
refleftion at AB, will fall upon CD as if they proceeded 
from a real objeft at G, and after reflection at CD 
they will diverge from H-y that is, iJ will be an image 
of G ; or a lecond image of £, &c. In the fame 
manner, the rays which diverge from £, and fall upon 
CZ), will form the images L, Af, iV, &c. 

It is found by experiment, that all the light inci- 

* dent upon any furface, however well poliihcd, is not 

regularly refleded from it. A part is difperfed in all 

directions (Art. 34) j and a confiderable portion enters 

the.. furface, and feems to be abforbed by the body. 



C 2 



In 
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In the paflag^ alio of light through any uoifbnn 
mediam, (bmc ray$ are coDtinoalljr dilpericd, or ab(br- 
bed ; and thus^ as it is thrown backward and forward 
through the plate of. air contained between the two 
refie&ors AB^ CD^ ic*s quantity is diminiflied. On 
all thefe accounts, therefore, the fucceeding images 
become gradually fiunter, and, at length, wholly 
invifible. 

76. Cor. If £ move towards F, the images C, jff, 
/, &c. move towards the refledors, and L, A/, N^ &c. 
firom them ; thus the images L and //, M and. /, 
refpedively -approach each other ; and when E ccnn- 
cides with Fy thefc pairs rcfpeftively coincide. 

Prop. XIII. 

*]^.Ifan objeS be placed between two plane refieSon 
inclined to each other ^ the images formed will lie im tie 
circumference of a circle ^ wiofe center is the interfeOiem d 
the two planes^ and radius the diflance of the objeS from 
thai interfeclion. 

Let AB^ AC be two plane reflectors inclined at the 

# 

V (> 

/ 




an^le ^AC-^ E an object placed between them. Dravr ' 

EF 
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EF perpendicular to JB^ and produce it to G, making 
FG = EF', then the rays which diverge from £ and 
fall upon JBj will, after refleftion, diverge from G; 
or G will be >an image of E. • From G, draw GH 
perpendicular to .-/fC, and produce it to /, making* 
i//=Gi/, and /will be a fecond image of Ey &c. 
Again, draw ELM perpendicular to JCy and 
make LM=^EL ; alfo, draw MNO perpendicular to 
AB, and make NO'^ MN, &c, and M, O, &c. will 
be images of JB, formed on the fuppofition that it ijs 
placed before AC. Let iT, ^; P, 2 be the other 
images^ determined in the fame manner. 

Then, fince EF is equal to FGy and AF common 
to the triangles AFG^ AFE^ and the angles at F arc 
right angles, AG is equal to AE (Euc, 4. i). In the 
fame manner it appears, that -///, AK^ &c. AM9 AO, 
APy &c. are equal to each other, and to AE; that is, 
all the images lia in the circumference c^ (he circle' 
EMIK whofe center is Aj and radius AE. 

78. Cor, If the angle BAC be finite, the Quoiber 
of images is limited. For, BA and CA being pro- 
duced to S and iJ, the rays which are rcflefied by 
either furface, diverging from any point Q between 
S and Ry will not meet the other re|k<^or ; that is, nq 
image of 2 will be formed. 

Prop. XIV. 

79. Having given the inclination of two plane refleSorSy 
and the Jituation of an objeEt between theniy to find the 
number of images. 

It appears frotn the conftruftion in the laft propofii 
tioHj that the lines EGy MOy iKy PSt &c, are paraU 
Jel, as alfo EMy Gly OP, KFy &c. Hence it follows, 
that the arcs ^G^ ^/, OKy P^, &9. ^re equal ; 2^ 

? 3 »}fo. 
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alfo, the arcs EM, GO, IP, K2, &c. Let SC=:a, 
EB:^i, EC=zCi'thtn, the arc EG=ziti £Af=2o 




EO=:EG+GO-EG + EMr=2h+2c=ia; EK= 

E0^'0K=:E0+EG:^2a + 2i; E02 = EK+K3=^ 

EK+EM=2a + 2b + 2r«4^, &c. Thus diere h 

one feries of images, formed by the reflexions at jiB; 

whofe diftances from JE, meafured along the circular 

arc EOR, are 2*, 2^+2^, A^+2b, ..... 2/^^—2^ 

+2^ (2«^-2r), where n is the number of images* 

this feries will be continued as long as2«tf — 2^+2^,or 

2na-2C is lefs than the arc EOR, or i8o*+^j and 

confequently », the number of images in this feries, 

is that whole number which is next inferior to 

180+^+2^ . lio + a+c _, . _ 

, or to . There is alfo a 

2a 2a 

fecond feries of images^ formed by refleftions at the 

fame fyrface, whofe diftances from E are 2^7, 4^, 6^1:, 

..2ma, continued as long as 2ma is left 

than 180 + ^, and therefore m, the number of thefe 

images, is that whole number which is next inferior 

, 180+^ 

to ^. 

%a 

' . ' . In 



;- '< 
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In the fame manner, the number of images formed 
by reflexions at the furface JC, is found by taking 

xi- i_ 1 L \. • r • iSo+a + b , 
the whole numbers next nuuenor to , and 

80. Cor. I. jta be ameafure of ^80, the number 

■». .. ....•' 

of images formed will be ^. 

For, if a be contained an even number of times in 
180, or 2a he 3. meafure of 180, the number of 

T Rft 

images in each feries is *; and the number upon 

the whole is 4 x = ^ — . If ^ be contained an 

2a a 

odd number of times in 180, 2tf is a meafure of 

1 80+ J, or iSo — a; and the number of images is 

180 + ^ 180-^ i8o + <^ i8o->? 360 

2a la 2a 2a a 

81. Cor. 2. When j is a meafure of 180, two 
injages coincide. 

For, if a he contained an even number of times in 
180, then the number of images in the fecond feries, 

formed by refledions at the furface ABy is — -- ; and 

2a 

the diflance EOQ^ {zma), of the laft image from -£, 

is i8o% In the (ame manner, the diftance £/^, of 

the laft image in the fecond feries formed by refledions 

• at 

;^-=- =— - + ~; the letter part, -^^, boing left 

2a 2a 2a 2a. « 

than unity, is negledted. 

+ 180+^ 180— tf+«+^ 180— « . «4-i , t . 

*• — ^, being lefs than unity, is negldEled. 

c 4 • 
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at y/C, is 1 80**; therefore, the two images, 2 and F^ 
coincide in £^ produced. 1( a be contained an odd 
number of times 'in 180, then the number of images, 
in the fird feries, formed by reflexions at JB^ is 

: and the diftance EOK^ of the laft of thcfe 

2a 

injages from E, is x za^ic; or 180*+^ — 2c. 

Alfo, the diftance EMP^ of the laft image in the firft 
feries formed by refleftions at JC^ is i8o**+tf— 2^; 
therefore £OA:+£AfP = 36o'' + 2tf-2r- 2^i»36o*; 
that is, K and P coincide. 

Prop. XV. 

82. If tie objeS placed before afpherical refltRor be a 
circular arc concentric with it^ the image will alfo be a 
circular arc concentric withy andjimilar to the obje£l. 

Let ACB be the fpherical refledor, PQR the cir- 
cular arc ; E their common center. Take any points 
P, 2, Ryiti the objefts join JBP, £2, ER, and 




produce thefe lines, ifneceflary; bifeft i^CmF, and 
take FQ : FE :: FE : Fq^ mcafuring Fq and -F2 in 
the fame direftion from F\ with the center E and 
radii £y, £F, defcribe the circular arcs pqr^ SFr, 

cutting 
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cutting EP, ERf or thofe lines produced, in /, r, and 




■\ 



5, V; then will pqr be the image of PQR. 

For, lince FQ : FE :: FE : Fq, and F2 and -Fyare 
iTieafured in tjie fame direftion from F, q is the image 
of ^ (Art. 50). Alfo, fince jEP, is equal to £i2, ES 
to'EFy and £/> to £y, 5P is equal to jP2, and 5p to 
Ff ; therefore SP ; SE :: SE : 5p,, and p is the image 
of P. ' In the fame manner it may be proved, that the 
image of every other point in PQR^ is the correfpond- 
ing point in pqr ; that is, pqr is the image of PQR. 

AgaiA, the image and objeft, fince their extremities 
are determined by ftraight lines which pafs through the 
center E, fubtend the fame, or equal angles at that 
center ; therefore they are fimilar arcs. 

83. Cor. I. In the fame manner it appears that, if 
pqr be the object, PQR will be it's image; and if 
rays are incident the contrary way, converging to the 
feveral points in P2Ry pqr will be the image of PSjR. 

84. Cor. 2. Becaufe iimilar arcs are proportional to 
their radii, PR : pr :: 2E.: Eq. ' 

85. Cor. 3. Since 2F : FE :: 2E : Eq (Art. S5)f 
PR :pr :.2F: FE. 

86. Cor. 4. If the objeft be placed any where be- 
tween E and C, 2F is lefs than FFj therefore thej 
objedl is lefs than the Image. If it be placed in EC pro- 
duced; 



* 
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duced, or in CE produced, the image is lefs than the 
obje£t. 

87. Cor. 5. When the objeft. and image lie the 
fame way from the center, if P be moved fucceflively 
through the feveral points in the objed, p will move in 
the fame direftion, and trac6 out the image 5 or, the 
points in the image will have the fame relative fituation 
that the correfponding points in the objeft have; that 
is, the image will be ereft. But if P and p be on 
contrary fides of £, they will move in oppofite direc- 
tions 1 or the image will be inverted. 

88. Cor. 6. When the objeft is in FC, or in FC 
produced, the image is ereft (Art. 87). When it is 
in FEy or FE produced, the image is inverted ( Vid. 
Art. 59). 

89. Cor. 7. Since>2£ : Eq :: 2C : Cj, tlie pbjedl 
and image are in the ratio of their diftances from the 
refleftor. 

90. Con 8. If SCand qChe known, the radius of 
the refledor may be found. For, 2F^ FE :: 2C : 
qCy therefore 2F :^ FE : FE :: 2C qr yC : i/C, 6t 
QC : FE :: 2C:^^C iifC; hence FE is known, and 
%FE is the radius fought. 

The upper fign is to be ufed wjien 2 and f are on 
difierpnt fides of the refledor, ^nd the lower, when 
they ard on the fame fide, 

91. Cor. 9. If th^ objeft be a fpherical y«f/2ir^, 
generated by the revolution of P2R about the axis 
JS,Cy the image will be a fimilar furface, and the mag- 
nitude of the objeft ; the magnitude of the image :: 

92. Cor. 10. If 0, the place of the eye, be given;^ 
the part of the objeft feen in a given portion AJSf of 
|he reftedtor, may be thus det^rmine^'^^ 

Jftin 
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Join O^, 05, and produce them, if neceffary, till 
they meet the image in ^,r; then pr is the part of 




the image feen (Art. 65); join Ep^ Er, and let thefe 
lines cut the objeft in P, i?^ and PR is the correfpondT 
ing part of the objeft. 

In this corollary, the pupil is fuppofed to be a point; 
and to receive th6 rays which are incident nearly perr 
pendicularly upon the refleftor. 

Prop. XVI. 

93. I/tke objeS placed before a fpherical rejlelior be a 
Jlrdight liney the image is a conic feSiion . 

Let JCB be the refledor, E it's center ; PR th? 
pbjeft placed before it ; through E draw DEPN ^t 



*^'«- . 



/.' 



G^ 




right angles to iJPj take any point R in the objed| 
join EH and produce it \ bifcd EC in F, and let r be 

the 



• » 
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the image of U; in the line FED take ED equal to 
EPf and draw DH zt right angles to jP/) j from r 
draw rHj rSy refpedively parallel to 2)JV, and RP. 

Then, becaufe r is the image of /J, RP : FE : 
ER : Er (Art, 55), alternately. ifF : ER :: FE 
Er. Alfo, in the fimilar triangles EPR^ ESr^ ER 
Er :: EP : ES :: ED : ES, therefore RF : FE : 
ED : ES, and by compofition, or divifion, ^F 
RF :^ FE :: ED I ED :^ ES; that is, RF : ER\ 
ED : DS (Hr) ; confequently, ED : Hr :: FE ; £r; 
alternately, ED : F£ :: Hr : Er,; that is, i/r bears 
an invariable ratio to £r, and therefore r is a point in 
the conic fedion whofe focus is E and diredtrix Dff. 

94. Gor. r. When £-P is equal to JEJF*, Hr is 
equal to Er^ and the conic fe£lion is a Parabola. It 
is an Ellipfe or Hyperbola, according as , EP is greater 
cr /^ than JEF. 

95. Cof. 2. When the diftance of the objeft is fo 
' great that the rays which come from any point in it 

may be confidered as parallel, the image is a circle 
whpfe radius is EF. 

96. Cor. 3. If ET be drawn perpendicular to FJV, 
when r coincides with T, Hr becomes equal Co ED; 
and fince ED : EF :: Hr : Er^ Er becomes equal ro 
EF. This is, £T, half the latus reftum of the conic 
fetSion, is equal to EFj half the radius of the refteftor. 

97. Cor* 4. Since the radius of cprvature at the 
Tcrtex of the figure is equal to half the latus redlum, 
the curvature of the image at N is the fame, wherever 
th& objeft is placed. 

98. Cor. 5- If the radios of the refledor be finite, 
Ifhe evanefctnt arc rN Is equal to the ordinate rS 

(Nevvt. 



• <. 
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(Newt, Lem. 7) J and therefore RP : rN :: EP : 
ES :: EP : EN. 

Alfo, whrilft the angle REP^ which the ftraight 

Jine fubtends at the center of the refledor is fmall, 

though finite, the arc rN will, as to lenfe, be a righc 

line. 

99. Cor. 6. In the preceding figure, where the objed 
is fuppofed to lie between the principal focife and the 
furface JOB, TNx is the eredt image of the line RP 
indefinitely produced both ways, and TiWif it's inverted * 
image. The part ANB is formed by reflexion from 
the concave furface ^CS; -rfT and J?Ar, by refledkm 
from the convex furfaces yf JST, BL ; and TMx fay 
reflei^ion firom the concave fiiiface KGL. 



^^ 
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SECTION IV. 



ON THE REFRACTION OF RAYS AT 
PLANE AND SPHERICAL SURFACES. 



Prop. XVJL 

loo. TJ/^EN a ray of light pajfes out of one medium 
into another^ as the angle of incidence inereafes^ 
the angle of deviation alfo increafes. 

Let yf and B be the angles of incidence and refrac- 
tion ; and let fin. 4 : fin. B :: m : n. Then by com- 
pofitionand divifion, fin. ^ + fin. B : fin. ^-^fin. B :: 
m+n : m^n-, but fin. ^+fin. B : fin. .4-^fin. B :: 

— y thererore tang. — • — : 



A + B A 

tang. — '^ — : tang. 



2 

A-^B 
tang. ^ ::m+n: m^n. Now let ^ increafe, then 5 

aifo 

• This is deducible from the common principled of trigobometry. 
The fides of a triangle are proportional to the fines of the oppofite • 
angles; therefore the fum of two fides : their difference ":: the fum 
of the fines of the oppofite angles : the difrerence of iheir fines ; 
and the fum of the fides : their difference :: the tangent of kalf tte 
fum of the oppofite angles : the tangent of half their difference ; 
confequently, the fum of the fines of the angles : the difference "of 
their fines :: the tangent of half their fum : the tangent of half their 
difference. 
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alfo increafes (Art. a6);tberefore^^— increafes; and 
is Icfs than ^ quadratic, therefore tang. — — - 



2 



increafes 5 hence, tsyng. 



J^B 



, and confequencly 



A^^ 



, and alfo, A^B^ the angle of deviation, in- 



2 

creafes. 

Prop. XVIII. • 

loi. A ray of light cannot pajs out of a denfer into a 
rarer medium if the angle of incide7ue exceed a certain 
limit. 

Let a ray of light -^5 be incident upon the furfacc 
EBF of a rarer medium, and refiraded in the diredion 
BC. Through 5, draw PB^ perpendicular to the 
furface; take BC equal to AB^ and draw A?.y C2 




at right angles to P2. Then, fince the ray pafles out 
of a denfer medium into a rarer, the fine of refradion 
is greater than the fine of incidence (Art. 33); and 
thefe fines are always ifl a given ratio( Art. 24); therefore 
the fine of refradion will become equal to the radius 
fooner th:jn the fine of incidence; let the angle of 

incidence 
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incidence be increafed till the fine of refi:u&iOQ is equal 
to the radius, ana let the angle of incidence^ and con- 
fequently the fine of incidei\ce, be farther increafed ; 
then, if the ray be refradted, the fine of refraftion mufl 
alfo be incrciafed, whigh is inipofli.ble; therefore the ray 
cannot be refrafted, when the angle of incidence ex- 
ceeds this liaiic. 

To determine the limit, let the fine of incidence be 

to the fine of refraftion, out pf the denfer medium 
into the rarer, :i n : m-, and let x be the fine of inci- 
dence when the correfponding fine of refraftion b r, 

. the radius ; then n : m :: x : r, and x= — ; and the 

fine of incidence being known, the correfponding 
angle may be found from a tabl^ of fines. 

Thus, if the two mediums be water and air,.ir : 

m :: y. 4y therefore ^ = ^ ; and the angle, whofe 

4 

fine is J of the radius, is 48* 36', nearly. 

If the mediums be glafs and air, « : »i : 2 : 3, and 

x= — J in this cafe, the angle is 41**. 49'; and the rays 

which fall upon the furface at a greater angle of inci- 
dence will berefleded *. , 

Prop. XIX. 

102. fF/^en a ray of light pajfes through a medium con- 
tained by two parallel plane furfaces^ the direSiofts in 
ruiihich it is incident and emergent are parallel to each other\. 

Let ABDC be the medium, P2, 2/?, RS, the courfe 

of 

• The reflcdion thus made, is much ftronger than cati be pro- 
cluccd by any polilhed metallic furface, or glafs fpeculum. 

f In this^ and funiJar cafes^ the ambient medium is fuppofed to be 
'uniform. 
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of a ray refraded through it ; G2Hy KRL perpendi* 
culars to JB and €£> at the points Q aad R. Now, 










••- . . J 
'•if 



• * • 



the fcffeft of the refraftion is the (aipie, ^yhethe^ ^^RS 
be the courfe of the ray, or 21? pafs both ways out 
of the medium (Art. 30); let the latter fuppofition be 
made; then, fince J Bis parallel* to C-D, the alternate 
angles B2Ry 2RQ are equal ; apd therefore their cpm- 
plements R2Hi o^RK^ wl^ich ar(? the apgles. of inci- 
dence, are, equal ; hence, the 4ngJ^5 of r^fraftioa. P2G9 
SRLyB,vQ equal (Art. 25); therefore tfce ^j^k^JP2J, 
^SJUD^rc equal; and if to thefe the equal, angles. -^2i?, 
2KD ht added, the whole angles P 2 i?, 2RS are 
equal, and therefore P2j RS are parallel. 

103. Cor. I. Whatever be the form of the fur- 
faces, if the planes which touch them at the points 3 
and R be parallel, P2 and RS will be parallel 
(Art. 28). 

104. Cor. 2. If UT be drawn perpendicular to 
P2 produced, 2R : /JT :: rad. : fin. R2T; wherefore, 
when the angle of incidence jP2G, and confequently 
the angle of deviation R2Tj is fmall, and the thick- 
i:iefsL of jLhe. medium alio fmaUf, P2R^ ipay, without 
Xeafil^e error, be confidered as a ftraigbt line. 

D . - Prop. 



so 
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Prop.i XX. 

T05. fF/ien a ray of light is refraSed through two cm-- 
tignous mediums J contained by parallel plane furfaceSj it 
emerges in a direSion parallel to that in which it is incident 
upon the jirft furface * 

The truth of this propoficion is derived from expe- 
riment. 

Let a plate of glafs be placed parallel to the horizon^ 
and covered with a lamina of water \ then the fur&ce 
of the water will become horizontal, and therefore 
parallel to the furfaces of the glafs plate ; and if the 
fun's light be refraded through the two mediums, the 
incident and emergent rays are found to be parallel *• 

Prop. XXL 

106. A ray of light is as much refraSed in pajing 
through one medium into another ^ when they are terminated 
by parallel plane furfaces J as it is in pajfing immediately int9 
the latter medium. 

Let ABy CD be the mediums s P2RSTxh^ courfe 




of a ray rcfrafted through them in the p&ne ;of the 

: . . • Newt. Leftiones Optic*. Par, I. Se6l. II. 
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paper; KLMN the courfc of a ray which is incident 
parallel to PS, and ; rcfrafited, in the fame 'plane, 
through the medium CD. 

Then, fince P2 and 52" are parallel (Art. 105), 
and alfo KL and MN (Art. 102), and P2 is parallel 
• to KL by the fuppofition^ 5Tis parallel to MN ; and 
if TS and NM be fuppofed to be the incident rays, 
SR and ML will be the refradled rays (Art. 29) ; alfo, 
fince the angles of incidence, of the rays TS, NM, are 
equal, the angles of refraftion are alfo equal (Art. 25) ; 
hence, the complements of thefe angles, are equal, and 
SR, ML are parallel ; that is, the fum, or difference, 
of the deviations at 2 and R, is equal to the deviation 
at L. 

107. Cor. Hence it follows, that if a ray pafs 
through any number of mediums, conti^iniDd by paral- 
lel plftne futfAces; it will be as tfuch.t^nt, from it's 
original coinrie as jf. it. pafled immediately out of the 
firft medium into the laft *. 

. ."; .. Prop. XXII. 

io8. Having^given the ratio of the fines rf incidence^ and 

, refraSlion, when a raypajfes out of one medium into each of 

thco others, to find the ratio of the fine of incidence to the 

fine ofrefraBion out of one of the latter medium into the 

other. 

Let AB,.CD be two. contiguous mediums contained 
by parallel plane furfaces ; P2RST the couric of a 
jay refraaed through them; through the points 2, 
R, S, draw G2H, KRL, MSN-di right angles to the 

furfaces i 

f Newton's Optics, B<»ok II. Part m. Pr^. X. 
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fiirfiaces ; and let ^r : ^ t: fin. incidence : fin. refraftion 
out of Ihe ftfrrounding medium into AB i c : dii (in. 




t 

r 



incidence : fin* refirafUon out of the furrouoding 

medium into CZ>. 

Then, fince PQ is parallel to ST (Art. iO'5.)t and 

GH to MN^ the angles PQG, NST arcrcqual; alio, 

the angles HQRy IijR5, are refpcftively equal to. the 

angles QRKy RSM. Now, from the hypothefis, fin. 

PQG : fin. H2R :: a ; b; inverfely, fin. HQR : fin. 

PQG:: b: a;ov 

fin. 2RK : fin. NST ::i:a; alfo, 

fin. NST: fin. RSM(SRL) :: c : J; by compofr 

tion, fkVi^ 2RK : {in. SRL :: be : {id. ■ \ 

Ex. When a ray paflTes out of air into water, fini 
Sn.cidettce : fin./refr^ion :: 4 : 3 :: a : by out of air 
into glafs, fin. incidence* : fin. refraction ::.3 : 2 :: 
€ I d'y therefore, out of water into glafe, fin. incidence: 
fin. refraftion i.hc :' ad k^ 1% " 












109. Def. 



REi^RACflON OF A SINGLE ilAY. ^^ 

109I Def. A' Prifm^ in opticsf, is a folid terminated 
by three r^ft^ngular parallelograms, and two limilar^ 
equal and parallel 'triangles; 

"■ 110." A line (irar^n thi-pugh the xrcntei? of gravity of 
thfe prifiri, pkrallel to tKe interlc6Hbris of the parallelo* 

gmm!^5 is calle^ the i^iir/rdf the prifni; ' 

.^< • * t «•— • - » . - ■ • 
I ■ ■ • . . • . .....•■ i ■ ■ • • • 

^ • pRoV. Xxtri. 

... ' ^ 

^ , • . . ^ . I f . • ■ I . .' J 

111. A ray iff li^bt. which pajfes throt^h a prifm^ in d. 
pltm^ perpendicular to ifis axis^ is turned towards the, 
thicker part^ or from //, according as tie priftn is denfcr^ 
or rarer, than thf fiirrounding medium. 

Let JIC reprefent a fedtion of the-prifm,«niiadej bf 
a pl^e which is perpendicular to it's a^is, .and ther^&re 




to itVfurfaces (Euc. 8, and 18* 11); 3^ a ray nicident 
in the plane MC , JC^ CS the gotirfe pf the refrafted 
ray, irt that plane (Art. 24). Then, the eSc& of 
the refradion is the fame, whether we fiippofc the 
ray to pafs thus through the prifm, ok 'AC to pafs 
both ways out of the prifnj (Art, 30); let this latter 
fuppofition be made, and the propofition refolves 
itfeifinto the three following cafes : 
' Cife u When 4C makes tw6 acute angles with llie 
fides of the prifm. 

B 3 > Draw 



I 
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Draw ABy CD^ at r^ht angles to I/fy IC, aad let 
them meet in jB. Then, fincc the jL CJIh le(s than 
the JL EAIy CA is nearer to the vertex / than EAy 
and as they crofi each other at Ay CA produced is 
ferther from the vertex than EA produced 5 alfo, the 
ray CAy when the prifm is denfer than the furrounding 
medium, is turned from the perpendicular; that is, 
from £ if produced, or towards the thicker part of the 
prifm. In the fame manner it may be proved, that 
Ae ray AC is refraftcd at C towards the thicker part of 
fhc prifm ; corifequently, the bending upon the whole 
is in that direftibii*. 

Cafe 2. When -^'C makes a rightimgle with one 
^^ of .the prifm/ . ;. 

X^t tlie angle at A hp si right ^ngle ; then, 'fince 
there is no refraftion at A (An. 27), the whole 




tending is at C, which may be (hewn, as before, to be 
tQwards the thicker part of the prifm. 
, Cafe 3. When AC makes an obtufe angle with one 
fide of the prifm. 

Let the angle lAC be obtqfe, and the conftru(5l^on 
being made as before, CA lies nearer to the bafe oif the. 
prifm than EA ; and CA produced lies farther fix)m 
the bafe than EA produced i alfo, the ray CAy in 

paffing 
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SI 



Imffing: from a dei^er medium into a raicr, i is turded 
from the perpendiculars that is, &ota EA produced. 



* ' ' 




or from the bafc. Thus then, therefrafUon at A is 
from the tl^ckerpar^ of theprifm, and the refradioii 
at C, , as appears from the firft cafe, is the contrary 
vray ; therefore the refradtioh, upon the whole, is the 
difference of the refraftions at A and C. Now, the 
angles J AC, ICA being together leis than t\^o right 
angles, the angles BAG, ACB are together lefs than 
one right angle ; to thefe add the right angle BCE^ 
and the angles BAG, AGB, BCE, or BAG, AGE, are 
together lefs than two right angles j therefore AB and 
CE will meet, if produced; above AC (Euc. Ax. ii)y 
let them mefet in E. Then, fince the exterior angl^ 
DCAy of the triangle CAl^, is greater than the interior 
and oppofite angle CAE, the angle of incidence of the 
ray AC is greater than the angle of incidence of th^ 
ray CA, and therefore the deviation at C is greater 
than the deviation at A (Art. loo) \ or the excels of' 
the deviation i^ towards the thicker part of the priim, 

' P4 * In 
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U In the fame tnanMr it rmyhepwvtdj that a fly <^ 
Ijght rwiU be bent fi-om f he - thidtek* • ^n of a' prifm 

which is r^r^ than the furrounding medium. * 

Prop. XXIV. . 

112. Evanefcent angles are proportiondl toiheir Jines^ 
when the radius is given. 

The limiting ratio of an evanefcent arc to it*s fi/ie 
is a ratio of equality (Newt. Lem. 7. Cor. 1) ; and 
fmce angles are proportional to the arcs which fubtend 
them, when the radius is given, they are, in this cafe, 
alfo proportional to the fines of thofe arcs. 

When the angles are fmall, though of finite mag- 
nitude, the famq propofition is nearly true ; and fuf- 
ficitetly accuifatc, if the toncltifibns drawn from it 6e 
ibnfidered in a prii(9ic^l light, atid dppftied 'to*;t1i<5 
csohftruflion of c^ttt^l ififtnirtients, or the exp&nttiotf 
of thephsenomenaoTrefraAion. .;;-.. 

. . •• - •■% •• I • • I. . ■ .-..■. «/■»..■, 

■Prop. XXV. ' '' ■ - '. '•' 

1x3. When a'rayojjight'fc^es thfvugh a prifniy in. ^ 
^Jane which is perpendicular to it^s axifj and the anglef of 
incidence arejmdtly tire vertical angle of the prifm is ta 
the angle of deviation^ as the fine of incidence^ ftu ojlh^ 
prifm into the ambient medium^ is to the difference of tA^ 
fims of incidence and refraElion. . , 

The fame conftriiftbn and fuppofition being mtide 
as'in Aft. Ill, Ae propofition will in like m^anner 
relblve itfelf into three cafes. * 

Cafe I. WiieA AC makes two acute angles with 'the 
fides of the prifin.. 

Ler 
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^ hdm'i n:: 6n\ intidertce : (in. itfiriiftion, oat of 
the prifm into the ambient medium ; prodoce QA^' 
SC, t^iJand T; then the I: CAE is \ht aftgfe <rfin- 



4 >.- < 




tidence of the ray CAy an4 the JL EAR is equal to 
the angle of refradion of the fame ra,y ; alfo the CECA 
IS the angle df incidence, and the Z^ECT equal to thfc 
anglef'dfttfraftion of the ray AC;, andfince the,iangles (^ 
incidence, aiicl corifeqiiently the angles of refraftiop are 
fmaH, they are proportional to thftir fines. (Art. 1 12); 
Ihcrfefore EAC : EAR \:m: «; and e!^ : EAC^EAR 
(^CAR) :: m : m^n. In the fame - manner, £C-^ \ 
ACT:: m \'m^n', Kence EAC : CAR:: J^CA :ACT, 
and EAC+ECA : CAR+ACTi: EC A : ACT:: m : 
m^n (Euc. 12. 5). Again, fince the four angles of 
the quadrilateral figure I A EC are equal to four right 
angles, and the angles lAE^ ICE are right angles, 
the two. angles AECy AIC are together equal to two 
right angles, jor to the two angles AEC^ AED-y con- 
fequently, the angle AIC is equal to the angle AED-, 
and y^£D is^^equal to the fum of the angles EACy 
ECAj thi^^^j^e the angle ^iC is equal to the fum 
pf thofe..^giei| alfo, the fum of the angles CARj 
ACT is, in this cafe, the whole deviation (Prop. 23. 
Cafe i); therefore, from the laft proportion, AIC i 
•the whoje deviaiipn :: ni : m^n. , 
. • -: . Cafe 



r 



CS IbEFR ACTION Q¥ A 9.IH6LE RAT. 

Ca(c z. When ji€ is at right angles to one fide of 
tbeprifoK 

Let the angle CJI be a right angle; then the 
whde refiradion is at C j and in this cafe, as before, 
DCA : ACT'.: m : m^n. Alfo, fince the right angle 




JDCI is equal to.the Turn of the xyrp 4CI, AlCyUkc 
i^ay the common an^lc JCIy ,^nc} the reauining 
angles DCA^ AIC are equal; confequemly ,a[/C : 
ACT :: m im'^n. _ _^ ' , ;^ * " *■ '". 

. Cafe 3. When !AC makes an obtufe angle with o^e 
^4c of the prifm. 
. . It may be (hewn in the fame manner as in Cafe i, that 




JCD : ACT v. m : w^«i and CAE : CAP :: m 



nt'^n. 
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m^n. Hence, ACD^CAE -. ACT^CAF a m : 
m^fi^^JiMC. 19/.5.); r^^d firice ACD is the exterior 
angle 9f. the triangle JCE (Prop. 23. Cafet3), ;^J?- 
CAE^CEA\ z\Qf^;,ACT^.CJF is the. wh^fe de- 
viation •, therefore CEA : tlie deviatipn ::'m : m^n. 
Again, fince the triangles >irfZS,:£CJ?j have vertical 
angles at By and« right angles JAB9 BCEy the angles 
AIB^ B^fG are equal ; threreforei from the laft pro- . 
^ portion, A IB : the whole deviation wm : m^n. ^ 
- 1 14. Cor. I. It appears frpm the demonftration S 
the foregoing propofition, that :when the- ray makei 
two acute angles with the fides of the prifm, the ariglc 
at the vertex is equal to the Jum of the angles of 
' incidence; and when it makeS an obtufe angle with 
one fide, the angle at-jhe vertibc is equal to the- dif-' 
ference of the angles, of jhcidence.- > ./^ 
^ 115. Cor. 2. Hence it^ follows, that the angles of 
inddence qannot be fmall, unlefs the angle at the 
vertex of the prifm be alfo fmalL \t 



' \' 



Ex. I . ^Let the angle at the vertex of a gla& 
prifm, placed in air, be 1** ; then w : « :: 2 : 3, and 
tn : m^n :: 2 : i :: i*" : |% the angle of deviation 
when the angles of incidence are fmall. 

Ex. 2. Let the fame prifin be placed in water, then 
w : « :: 8 : 9 ; and m : ni'^n :: 8 : i :; i** : 4% the 
^ngle of devi^tipn in this qafe. 

..'■•-■ 

1 1 6, Cor. 3. When the angle at the vertex of the 
prifm v^nifhei, or the fides become parallel, the angle 
gf deviation alfo vaniflies (Vid. Art* 102.) 

117. Cor. 
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117. Cor. 4. IFthfe quantity aad diredKon of the 
deviatiOQy amd the angte at the vertex: of the prifm 
be known; the f^tio 6( the fine of inV^idence to the 
fine rftefraftion may be determined. 

Thus, if the deviation be ^ of the angle at the 
vertex, and towards tiie thicker pttrt <>f the prifm, m : 
• »- jw :r 3 :. 1 5 a'^d by x:on\pOftiiM/m-:- » :f 3 : 4: 

if the deviation be towards <he^- thinner part of the 
prifm, w r «r- » :: 3 :' I ; therefore m : « :: 3 : 2. In 
thefc, as in dieforther cafes,^thci angles of imcidencc 
and refra&ion are fiappofed to be- proportional to their 
fihes. ■ , ■ ' . !•:'-•'■■ 

.-, ,..;. PROK XXVI. ,' / , 

118- fFien tjpo rays €tre fefra£ledikf4ugh' a pri^y in 
the fame plane y and the- angl^ of 'ikcidekce^ on each fmface 
nrefmull\, th^^em^r^^eHt rays-ate inclined to eaeh other at an 
oAgle' equal to that which is }^rttained between the incideni 
rap. . • • ^ 

Let S^, 2C be the incident rays; AS^ CD the 
diredionsof the refrafted rays; and, ^'|^lHble, let 




A By CD be parallel. Produce 2C till it meets FAB 
in H'y then fince 2iif falls upon the parallel lines AB^ 
EDy the angles EC2 and AHC are equal; and the 
exterior angle FAE^ of the triangle AH2y is greater 
than the interior and oppofite angle ifii?2 ; therefore 

it 
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it is alfo greater than the anglja £C2; but, becaufe 
the angle, at the vertex of the prifm is invariable, the 
angles FJEj EC^, which arp equal* to the angles of 
deviation of the rays 2/i, 2C, are eqpal to. each oiher 
(Art, 113), v^hich is abfiird ; therefore /I J?, /and Ci) 
are not parallel*. Let them meet in F; then fincc 
the vertical angles FEJ^ 2EC4 are equal, and alfo the 
angles FAE^ £C2, the remaining angles AFEy E2C 
are equal. 

119. Def. A Lens is a thih piece of gkfs, or other 
tranfparent fubftance, whofe furfaces are either both 
fpherical, or one plane and the other fpherical. 

This definition coniprifes the fix following forts of 
lenfes : the double c^iveic^ the Jouble concavt^ "the piano 
convex i the piano concave ^ the menifcHS^ and rhtconcavq^ 
'tofpjexXtns. 

iJ'A'doUbk convex lens is bounded by two convex 
l^herical ftirfaces. 

Let R and r be the centers of two circular arcs 
CADy CBD which are concave towards each other. 



r 




and which tiieet in C and Z); join Ur, and fuppofe 
the figure CD to revolve about J? r as an axis; the 
folid, thus generated, is called a double convex lens. 
The line Rr isxalled the axis of the lens. 

f See alfo Prop, 31. 



6Z OK LENSES. 

The* figure CADB rcprefents a feftion of the Iciis, 
made by a plane which pafles through the axis. 

If CD be joined, this line is^ called the diameter y or- 
tinear aperture <^xhe lens. 

2* A double concave lens has both it*s furfaces 
concave* 

Let R and r be the centers of two circular arcs 
which are convex towards each other; join i?r; draw 




ECy FD parallel to Rr^ and equally diftant from it ; 
then the folid generated by the revolution of the fig]ure 
ECDF^ about the axis R r, is called a double concave 

lens. 

3. A planor convex lens is bounded by a plane, and a. 
' convex fpherical furface. 

Let CBD be a circular arc whofe center is r, and 
chord CD ; draw rJB at right angles to CD i and the 



-T , -A 



D 



m 



folid generated by the revolution of the figure CZ), 
about the axis rB, is called a plano-convex lens. 

_ 4. A 
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, 4. A plam-concuvi km is bounded on one fide by 
a plane^ and on the other by: a concave fpherical 
furface. . 

Let EBF be a circular arc whofe center is V ; CAD 
a right line^ perj)eadicul^r to theradiiisTi? produced; 



F r 

— t — ■■ ii 
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draw ECy FD parallel to rJy and equally diftant from 
it J and the folid generated by the revolution of the 
figure £CZ)i^, about the axis, r-^, is called a piano* 
concave lens. 

5. A mefufcus is bounded by a concave and a convex 
fpherical furface which meet, if continued. 

Let R and r be the centers of two arcs CAD^ 
CBDy which have their convexities the fame way. 



R 



r 
■^1 — 




and which meet in C and D ; join Rr and produce 
it to 5; the folid generated by the revolution of 
the figure CjD, about the axis JBBj; is called a memfcus. 

6. A 
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6^ ON LfiNSlS* 

V 6; - A coHcavthcinvex lens has alfo 006 far&ce eoocftve 
md the other coQvex, but the corivei; fuf&ce^ ti^liich 
has the lefs curvature, does not, if Continued, fritet 
the concave fur&ce. • 
. The aianner in which the lens is jgifterated is iuBi*' 

E c 



&. 



jn. 




ciently evident from the preceding defcriptions. 

The thjcknefs of thefe lenfes is fuppc^ to be in* 
confiderable, unlefs the contrary be (pecified» 



Prop. XXVII. 

120. Jf the radii RA, ra, of the Jwrfacc ^ a'km^ he 
drawn paraUd to each other ^ the incident and^tmirgtta 
farts of a ray of light which pajjes through the kniin. the 
JireliioH Aa, will be parallel. :; 

Join Aa^ and fuppofe two rays Aa^ a A to pafs out 




of the fens, in tlie diredions a^^ A 2 (Arc. 2;g)i-}»hit\i 

are 
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are on oppofite fides ofAa produced (Art. 33), and in 
theplane which pafles through RA^ra ( Art* 24) • Then, 




the angles of incidence at A and a being equal, the 
angles of deviation ave equal j therdbre the an^es 




2Aa^ A a q^ which are the (upplements of the angles of 




deviation, are equals and the(e are altemate an^S} 
confequently, A 2 and aq are parallel. 

121, Dtf. The points, where yfo, or ^^ produced, 

cuts the axis, is called ihe centar of the le&$« 

E X22. Cor, 
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122. Cor. I. The center JE, of the fame lens, is a 
fixed point. 

In the fimilar triangles RAEy raE^ RA : ra :: 
RE '. rE\ therefore, by compofition or divifion, 
RA-Jfirai ra :i RE:^rE {Rr) : r£; the threa 
firft terms in which proportion being invariable, the 
fourth, riE, is alfo invariable. Thus it appears, that 
in whatever manner the parallel radii are drawn, Aa^ 
ot A a produced, cuts the axis iii the (amc point. 

123. Cor. 2. In the fame triangles, AE i aE :: 
RA : ra-y and when A and a coincide with the axis in 
Bzndb.BE : bE :: RB : rb. 

124. Cor. f. The center of the lens is nearer to 
that furface which has the lefs radius, or which is the 
more curved. 

For, in the preceding proportion, if ri be lefs than 
RBy bE is lefs than BE. 

125. Cor. 4. If one radius be increafed without 
limit, the furface to which it belongs becomes plane; 
and the center of the lens lies in the other fur&ce. 

For, liRBhc indefthitely greater than rb^ BE be- 
comes indefinitely greater than bEy ox E coincides 
with b. 

126. Cor. 5. The center lies within the double 
convex and double concave lenfcs, and without the 
menifcus and concavo convex lens. 

In the two former cafes, the parallel radii RA^ ra^ 
lie on oppofite fides of the axis ; therefore the line 
which joins the points A and a^ cuts the axis. In the 
two latter cafes, the centers Rj r, arc on the (ame fide 
of the lens; therefore the parallel radii RA^ ra fie on 
'^*^ the 
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the fame fide of the axis ; * confequently -rfa muft be 
produced to meet the axis. 

127. Cor. 6. The center of a menifcUs may be at 
any diftance from it's furface. 

In the fimilar triangles RAEy raEy RA -.raw AE : 
aE', and by divifion, RA\ RA-^ra :: AE : AE-aE 




(Am) ; cdnfcquently, when A and a coincide with S 
and bi RB : RB-^rbii BE : Bb. If, then, the dif^ 
ferencc of the radii decrcafe with relped to one of them 
RBy the di{lance^££ increafes with refpefi: to the thick^ 
ii€& of the lens ; and when R'B and rb are equal, BE 
is indefinitely greats 

In the concavo convex lens, when -R and r coincide, 
E coincides with them. 




/-J? 



128. Cor. 7. When the lens is thin, and the ray 
2A is incident nearly in the direftion of the. axis, 

£ 2 2Aaq 



_ s 
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r 

Qjlsf may, without fenfible error, b^ confidered as a 
ftraight line. 

From A draw ^at perpendicular to qa produced; 
theD> Ax I Aa:\ fin. Aax : rad. and when the angle 




of incidence at a is fmali, the angle of de?iadon» xaA^ 
is ^o fmall ; therefore fin. xaA is fmall with rcd^pcSft 
to the radius ; and confequently. Ax is (biaft whea 
compared with the thicknefs of the lens. 

129. Cor. 8. The ray QAaq may alfi> be confidered 
as comcident with a line drawn through £, parallel tOt 
3A, when E is within, or very near tq the lens. 

Prop. XXVIU. 

130. Parallel rojfs^ refraHed at a plme Jurfact^ coM'^ 
iinue parallel *. 

Cafe I. When the angles of incidence are in the 
fame plane. 

Let -R5 be the plane refrafting furfece ; A By CD 

the incident, J5G, DH the refrafted rays. Then, 

fince ABy CD are parallel, the angles ABR, CDR are 

equal ; and therefore the complements of thefe, or the 

angles 

• In thb, and the Mowhig propofidoBi* the nqrs ^tt (ufpo&i 
t9 be equally rcfran^Ue. 
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'aisles of incidence are equal ; hence, the angles of 
icfra&ion are equal, an4 confequently the complemeiSits 



CA 
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of the angles of refra£tion, that is, the angles SBG9 
SDH ^e equal; and therefore JSG and DH are 
parallel. 

Cafe 2. When the attics of incidence are not in 
the .fame plane, 

Lee JB, CD be the incident rays ; EBF^ KDL 
perpendiculars to the refrading fur&ce RS^ at the 
points of incidence B and D \ join BD ; and let AB 
be refiraded in the dirieftion BGy which lies in the 
pbne ABF (Art. 24); alfo, letDHbe the interfeftion 
of the planes GBD^CDL. 




Hien, (ince EFy KL are parallel (Euc. 6. 11), as 
alfo ABf CDy by the fuppofition, the angles of inci* 
dence ABM^ CDK are equal (Euc. io« zi); confe- 

»3 qucntly 
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quently the angles of refra£tion are equal. Again, 
becaufe EF and Kfj are parallel, and al(b AB and 
CDy the planes /^£is CDL are parallel (Euc. 15. 11); 
and the plane GBD interfe£b them ; hence it follows, 
thatjBG and DH are parallel (Euc. 16. 11); and 
therefore the angles GBF ^nd HDL are equal (Euc. 
10. 11); but the angle GBF is the angle of refrafltion 
of the ray AB; therefore HDL is equal to the angle 
of refraftion of the ray CD; and fince DH is in the 
plane CDLj CD is refradted in the diredtion DH 
(Art. 24), which has before been (hewn to be parallel 
%qBG. 

■ 

Prop. XXIX. 

• p * 

131. fFAen diverging or cotiverging rajs are incident 
nearly perpendicularly upon a plane refraSing furface^ the 
diftance of the focus of incident rays from thejurface^ is to 
the dijlance of the geometrifal focus of refraSed rays from 
the furfacCj as the fine of refra£tion to the fine of incidence. 

htt AC be the plane refrafting furface; 2A^ SIC 
two of a pencil of rays diverging from 2, of ^bich ^C 
is perpendicular to the farface, and therefore. fuflfers no 
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refradion. Through Ay draw £i^F parallel to SC; 
and let QA be refrafted in the direftion AB ; produce 
BA till it meets C2, or CQ produced, in q *. Then, 

the 

* If they do not meet, ^^9 coincides with AF9 ^t is, the 
angle of r^fradlion vaniihes with refpe£l to the angle of incidence ; 
px the riefrading power is iufin|^. 



REFRACTION OP A PEKCIL OF RAYS. Jl 

the jL EJQ is the angle of incidence of the ray QAy 
and the A BJF the angle of refradtion s alfo, the jL 
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EAQ is equal to the alternate angle -^SC, and the ^ 
BAF is equal to the interior and Oppofite angle AqC^ 
therefore, fin. EA% or fin. incidence, = fin. AQC^ 
fin. AQq-y and fin. BAF, or fin. refraftlon, = fin. 
^jC=fin. AqQ; hence, QA : qA :: (fin. A^Q : fin. 
jlQq ::) fin. refraftion : fin. incidence. Now, let A 
approximate to C, and 2 A is ultimately equal to 20, 
and qA to qC; therefore, the proportion becomes, 
2C : qC :: fin. refraftion : fin, incidence*. 

Let q be the focus of rays incident the contrary 
way; then BAF is the angle of incidence, and £^2 
the angle of refradion (Art. 29) j and it may be 
proved as before, that, when 2 is the limit of the in- 
terfeftions of the refrafted rays and the axis, qC : 
2C :: fin. refraftion : fin. incidence. 



Ex. I. When diverging rays pafs out of air into 
water, according to the hypothefis made in the pro- 
pcfition, 2C : qC :: 3:4; and 2C : 2q :: 3. : i. 

Ex. 2. When diverging rays pafs out of water into 
air, 2C : ^C :: 4 : 3 ; and 2C : 2^ :: 4 : !• 

Ex. 3. 

• Vid. Note, page ao. 
B4 
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, JBx. 3, When converging rays pals, in the fame 
{Banner^ out of air into glafs, 2C : f C :: 2 : 3 ; when 
they pafs out of glafs into air, 2C : qC :: 3 : 2. 

132. Con I. A plane refrafting.furface of a denfer 
medium, diniinifbes the divergency of diverging rays, 
and the cpnvergency of converging rays, incident 
nearly perpendicularly upon it. A plane rcfradting 
liirface of a rarer medium produces the contrary effeA. 

133* Cor. 2. As the point J appro^hes to C, f 
approasches to ^. 

Let (in* incidence : (in. refraction :: m : n^ then 
^A : ^^ :: « : «5 and 3 J* : qui* :: «» : «»; or 
QC+CA^ : f C» + C^ :: «* : w*; hence ^C* + C^* : 
&(?^qC^ :: n^ : tf^m^i and fincc the point ^ is 
fixed, and S C invariable, as al(b the ratio of »* : 
li^^m\ when C-rf decreafes,^C*+C-^ decreales ; and 
therefore ^O -^ qC* decreafcsj cpnfeguently §f 
i^ecreafes. 

N 

% 

PRPP. XX3^ 

I34r ^^* ^verging or converging r^ys pdfs, nearfy 
perpenJlcttlarly, through a mediifm contained by parallel 
'plane furfacesy the difiance of f he foci of incident and emer- 
gent rayi, is to thethicknefs of the medimt as the 4ifference 
cf the fines of incidence and refraSiony to th?fine <f infi- 
^enee HpoH the Jirfi fttrface. 

Let ACcB be the medium, ^A, 2C two rays of a 
pencil incident upon it, of which SC it perpendicular 
to thp fui&ce APy and therefore paffes through the 
piedium without futfering'any refradionj let 2^ be 

fefradted 
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teb^Sted in the dire^ion JB, and emergent in the 
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direAioo JSD. FFodue jS^f and /)£, till they meet 
the axis in T and f . 

Then, becaufe Q,A and f 5 are parallel (Art,- 102), 
TA lAB:: T2 : Sf (Euc. 2. 6); and becaufe AC is 
parallel to Be, TA : AB :: TC : Cc 5 therefore T2 : 
2^ :: TC :Cc ; and alternately, TS : TC :: 2^ : Cr, 
Now let -rf approximate to C, and Tis, ultimately, the 
geometrical focus of the rays after the firft refraftion ; 
therefore 3C : TC i: fin. refraftion : fin. ii^cidenc6 
(Art, 131); and by divifion, QT : TC :i fin, incidence 
'^ fin. refra6tion : fin. incidence ; confequently, 2f : 
Cc :: fin. incidence ^-^ fin. refraftioh : fin. incidence. 

If rays, incident the contrary way, converge to f, 
they will, after both rcfradions, converge to 2 (Art. 
29) ; therefore, as before, 2^ : Cr :: fin. incidence 'x. 
" fin. rcfradtion : fin. incidence on the firft furfiice. 

Ex. If the medium be glafs, placed in air, 2(f : 
Qc v. \ : 3 ; if water, placed in air, 2f : Cr :: i : 4. 

135. Cor. I. When the i/icident rays divei^, tht 
geometrical focus of emergenft i^ys b nearer (6 c^ oc 
farther from it than the focus of incident jrays, accord- 
ing as ACcB 1$ denfer, or rarer than the ambient 
medium.' _ 

Let 



-:^ 
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Let ACcB be denier than the ambient mediutn ; 
and let fin. incidence : fin. refraiftion ::«:». Then, 
TC : £C ::«:«; therefore Tc has to 2.c a Icfs ratio 
than that of ct : « (Alg. Art. 162). Alfo, Tc : ^c :: 
m : H (Art. 131); confequently, Ti has a lefs ratio to 
2,c than to ffj ca qc is lefs than 2f. In the fame 
manner it appears, that if ACcB be rarer than the 
ambient medium, jc is greater than 2r. 

136. Cor. 2. Since CT is greater, or lefs than C3, 
according as ACcB is denfec, or rarer than the ambient 
medium (Art. 131), it is manifeft that^Tand q lie on 
oppofite fides of 2. 

137. Cor. 3. When ACiB is denfer than the fur- 
rounding medium, as A approaches to C, 7" approaches 
to S (Arc. 133) ; and in confequence of this motioa 
of T, q approaches to e. Again, as A approaches to 
C, B approaciies to c; and on this account y approaches 
to T(Art. 133), or recedes from c. Thus the two 
motions of ^ are in oppofite direftions, and the aber- 
ration of oblique rays, from the geometrical focus, is 
lefs than when the rays are refraded at a fingle furfece. 
The fame may be (hewn when ACcB is rarer than the 
ambient medium. 

Prop. XXXI. 

138. Having given the focus of incidence of a pencil of 
rays which paJJ'es nearly perpendicularly through the fides 
of a prifm, and alfo the ratio of the fine of incidence to the 

fine of refraBioii, out of the ambient medium into the prifm ^ 
to find the focus of emergent rays. 

Let CIB be the prifm ; 3 the focus of incident 
rays; take m : n :: firi. incidence : fm. refra(5lion out 
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of the ambient , medium into the prifm. From 2, 
draw 2C perpendicular to /C; and in C2', or C2 




\ 



produced, take TC : 2C :: m : n; then will The the 
focus after refraftion at the furface IC (Art, 131), qy 
the focus of rays incident upon the furface IB. From 
Ty draw Tc perpendicular to I By and in r T, or c Tpro- 
duced, t^ke qc : Tc :: n : m; and q will be the focus 
of emergent raj' s (Art. 131). • 

139, Cor. Since 2C : TC iin : m v. qc: Tcy if Cc 
and Qq be joined, thefe lines are parallel (Euc. 2r. 6) ; 
^nd therefore 2q : Cc :: T2 : TC ::m^n :'m. 

> 4 

\ X 

Prop. XXXII. 

140. Parallel raySy refraEted at a convex fpkerical 
furface of a denfery or a concave gf a rarer medium y into 
which they pafSy are made to converge 'y and refra£led^ 
at a concave fpherical furface of a denfer^ or convex ^ of a 
rarer medium^ they are made to diverge. 

I. Let DJy GC he two rays of a parallel pencil, 
paffing out of a rarer medium into a denfer, and 
incident upon the convex fpherical furface ^CBy 
whofe center is E. Let GCE pafs through the center 
of the furface, and it fufFers no refraftion/ Join EJy 
and produce it toHj alfo, produce 2)4 to if ; and 
let D/i be refraftcd in ttie dirediion JF-y then, DJH 

is 



/ 
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^6 RBFRACTION OF A PENCIL Of RATS* 

IS the angle of incidence, and EAFtht angle of re- 
fta^ion of this ray ^ and fince it pafles ouc o£ a nurer 




medium into a denfer, the z. EJFh lefs than the jL 
HAD. and therefore it is lefs than the L KAE y add 
to each the A AEFy and the two angles FAE9 AEF 
are together k& than the two KAE^ AEF; and 
therefore they are lefs than two right angles (Euc. z^. 
i) ; confequently, AF^ and G£, if produced, will 

meet. 

f^ When the rays pafs out of a denfer mediooti into 
a rarer, and the fur^u:e of the medium into which 
they are refirafted is fpherically concave. 

The conftruAion being made as before, fince the 
ray DA paffes out of a denfer medium into ^ rarer. 




the angle of incidence DAE, or it's equal AEC^ ii 
lels than the angle of refraftion HAF; add to each 
the angle EAF, and the two EAF, AEFy are to^ 
gether lefs than the two EAFy HAF; that is, they are 
together lefs than two right angjies} therefore AF and 
EC, if produced, wiD meet. 

3- When 
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3. When the rays pafi out of a rarer medium into 
a denier, and the furface of the medium into which 
they are refiraded is fpherically concave. 

The iat^e conftrud:ion being made, let DA be 
refrafted in the direftion AL^ and produce LA to F* 

Then, fince the rav DA pafles.out of a rarer medium 
into a denier, the lmAE is greater than the JLHAL^ 




or PAE ; add to each the L, AEG9 and the two FAE^ 
AEG9 2LTC together lefs than the two DAE, AJ^G.^ 
that is, they are lefs than two right angles ; therefore 
;^F and £G will meet, 

4. When the rays pa& out of a denfer medium into 
a rarer, and the furface of the medium into which 
they are refrafted is fpherically convex. 

In this cafe, as before, the ^ DA H, or it's equal 
AEfCy is le& than the L, EAL ; add to each the JL 




EAFj and the two EAF, AEC, are together lefs 
than the two EAF, EAL; that is, they are left than 
two right angles ; therefore AF and £C^ if produced, 
will meet. 

In the two lafl: cafes, the refiadod rays meet if pro* 
4uced backwards i that is, thqr diverge. 

PaoF, 
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Prop. XXXIII. 

141 . Wken parallel rays are incident nearly perpendicu- 
larly upon dfpherical refraSling furface^ the dijlance of the 
geometrical focus of refraRed rays from the furface^ is to 
ifs diftancefrom the center^ as the fine of incidence to the 
Jtne of refroRion. 

. The cohftruftion being made as in the laft propofi- 
tion, the angle AEF^ in each of the four cafes, is 




cither equal to the angle of incidence of the ray DA^ 
or to it*5 fupplement J therefore fin. L ABF^ixn. in- 




cidence. In the fame manner, fin. jC^ EAF=iin. 
refradion ; and fince the fides of a triangle are pro- 
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portional to the fines of the oppofite angles, FA : FE :: 
fin. 2L AEF: fin. Z. EAF :: fin. incidence : fin. re- 
fraftion. Now let the point A approximate to C, and 

F^ 
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l^A is, ultimately, equal to FC ; therefore, the pro- ^ 




portion becomes FC : FE :: fin. incidence : fin. 
refradlion. « 

142. Cor. I. Since FC : FE :: fin. incidence : 
fin. refraftion, by divifion, FC : CE :: fin. incidence : 
fin. incidence ^ fin. refradion. Alfo, FE : CE :: 
fin. refiraftion : fin. incidence '^fin. refiradion. 



Ex. I. If parallel rays pafs out of air into the 
medium JBMN of glafs, FC : FE :: 3 : 1; alfo, 
FC I EC :: 3 : i ; and F£ : £C :: 2 : i. 

Ex. 2.. When the rays pafs out of glafe into air, 
FC : FE :: 2 : 3 ; alfo, FC : EC v. 2 : i ; and F£ : 
£C :; 3 : I. 

Cor. 2. If £C be diminiflied whilft the refrading 
power remains unaltered, FC is alfo diminiHied. ^ 
143. Cor. 3. If the axes of feveral pencils of parallel 




rays be incfincd to each other, in the feme plane, 

the 



* • 
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the foci of rcfrafted rays will lie in the circumfeitnce 
of a circle, HFIy whofe center is £, and radius EF. 
If the axes be in different planes, the foci will lie id 
the furface of a fjphere, whofe center is £,« and radius 
EF. 

144. Cor^ 4» If any point H^ in the arc HFI^ be 
the focus of rays incident the contrary way, join HE^ 
and thofe rays of the pencil which are incident nearly 
perpendtctilarly, will be refra^ed parallel to each other, 
and to HE (Art. 29). 

145. Cor. 5. The diftance jEjF, of the interfeftion 
of the refrafted ray and the axis, from the center, is 
the greateft, when the arc AC is evanefcent. 

Let/ be the geometrical focus ; ^ : » the ratio of 
the fine of incidence to the fine of "refiraftion. 




Then, Ef : EC :: h : m^^ « j alfo, £F : AF 11 ni mi 
-therefore EF : EF ^ AF :: n x m ^ n^ hence 
Ef X EC :: EF : EF^AFi hniEF^AF^s lefs 
than EA^ ox EC (Euc. 20. i) ; confequently, EF h 
lefs than Ef. , 



I s 



Prop. XXXIV. 

146. If parallel rays be incident y nearly perpendicularly^ 

in oppojite direSions^ upon a fpherical refraSing furface^ 

the diflance of one of the foci of refra£led rays from the 

^ furface y is equal to the diftance of the other from the center 

of the refraSor. 
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Let Fbe the focus when the rays pafs out of the 
denfer medium into the rarer, and/ the focus when 
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they pafs out of the rarer into the denfer ; then FC : 
CE \x n X m-n (Art. 142) ; alfo, fE : CE :: n : 
j7i-«5 therefore FC : CE iifE: CE; or FC=/E. 
By adding kC to, or fubt rafting it from each of thefe 
equal quantities, FE =/C. 

Prop. XXXV. 

147. fV/ien diverging or converging rays are incident 
nearly perpendicularly upon a fpherical ref racing furface^ 
the difiance of the focus of incident rays from the principal 
focus of rays coming in the contrary direRion^ is to ifs 
difiance from the center of the refraSory as it^s difiance 
from the furface^ to ifs difiance from the geometrical focus 
of refraSled rays. 

Let ACB be the refrafting furface ; E it's center i 
2 the focus of incident rays j 2 A and 2C two rays of 




the pencil, of which QCE paffts through the center, 
and therefore fufFers no refradlion. Take F the prin- 

• , F cipal 
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cipal focus of rays incident in the contrary- 4ire6tion, 
parallel to EC; and from the center E, with the 



radius EP^ defcribe the arc FG^ cutting 2-^, or 3 A 
produced, in G ; join EG ; draw jfq parallel to £G, 
and let it meet the axis in q. 

1 . When diverging rays are incident upon a convex 
fpherical refraftor of a denfer medium. 

The ray 2A will be refrafted at Ay in the* Ikmc 
manner and degree, whether it be confidered as one 
of, a pencil of rays diverging from 2, or as one* of a 
pencil diverging from G; and, on the latter fuppofition, 
it will be refrafted parallel to G£ (Art. 144); there- 
fore Jq is the refrafled ray *. And fince the triangles 
QQEy 2Aq are fimilar, 2G : 2E :: 2A : Qqi let 
the point A approximate to C, that the ray 2// may be 
incident nearly perpendicularly upon the' refrafting 
furface, and the point G approximates toF; therefore 
ultimately, 2F : 2£ :: 2C : 2q. 

2. When diverging rays are incident upon a convex 
fpherical furface of a rarer medium. 

In this cafe, 2 and F are on contrary fides of the 
reflating furface (Art. 140); and the ray QA will be 
refrafled in the fame manner and degree, whether it 
be confidered as one of a pencil of rays diverging from 
2, or^. as one of a pencil converging to G; confe- 

' quently, 

* This is only true when GA is incident nearly perpendicularly 
upon AC\ and therefore the interf^clion of the rcfrafled ray and the 
axis is only determined in that cafe. 
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quently, qJ^ produced, is the refradled ray (Art. 144). 
Hence, as before, QG : QE::2A : Qq; and ulti- 
mately, 2F : 2E :: 2C i 2q. A fiihilar proof is 
applicable in all the other cafes *. / 

148. Cor. I. Froni the fame triangles, 2G : GE :: 
2 A : Aq-^ therefore, ultimately, 2F : FE :: 2C : Cq. 

149. Cor. 2. Since GE is parallel to Aq pne fide 
of the triangle 2Aq^ the other fides 2-^, 2j, or thofe 
fides produced, are cut proportionally (Euc. 2. 6); 
therefore 2G : GA :: 2E I'Eqi and ultimately, 
2F: FC::2E: Eq. 

150. Cor. 3. If / be the other principal focus, 
and q the focus of incident rays, 2 is the focus of re- 
fradted rays (Art. 29); therefore, qf ifE :: qC : 2C 
(Art. 148); invertendo, /£ : qf :: 2C : Cq :: 2F : 
FE; hence, 2F'. FE :: Efifq. 

Prop. XXXVI. 

151. Tie dtftances QF and Qg mtijl be meafured in 
the fame y or oppqfite direSIions from Q^, according as QC 
^»^QE are meafured in the fame, or oppojite dire 51 ions 
from that point. 

Since 2F : 2E :: 2C : 2q, we have 2Fx 2q 
= 2E X 2C ; and, meafuring thefe lines from 2, 
if the reftangles have the fame fign in any one cafe, 
they will always have the fame fign. Now, if 2F 
be very great when compared with FE or £C, qf 
is very fmall (Art. 150); therefore all the lines 2Fy 
2C, 2-E, 2 J, are meafured the fame way from 2, 

and 

• Since the incident rays may either converge or diverge, and fell 
vpon ^. convex or concave furface of a rarer Qx' denfir medium^ the 
propoiition admits of eight cafes. 

F 4 
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and the redtangles 2Fx 2q^ and QEx2Cy in this 
cafe, have the fame fign j confequently, they will 
always be either both pofitive, or both negative^ and 
according as 2C and 2E have the fame^ or different 
iigns, 2F and ^q muft have the famey or different figns ; 
that is, 2F and 2q mull be meafured, from £, in the 
famet or' different directions, according as 2 C and 2 E 
are meafured in xhtjamey or different direftions (Alg. 
Art. 473). 

152. Nearly in the fame manner, it may be (hewn 
that 2F and/y muft always be meafured in oppoiite 
diredlions from F and/. 

Prop. XXXVII. 

153. The conjugate foci y Q^and q, move in the fame 
direSion upon the indefinite line QC q, and they coincide 
at the furface and center of the refra£lor. 

Let the rays be incident nearly perpendicularly on 
AC By a convex fpherical refrafting furface of a denfer 




medium; take/ the principal focus of rays, thus Inci- 
dent, and F the other principal focus. 

When the incident rays are parallel, the refrafted 
rays converge to/. 

As 3 approaches towards F, fince 2Fi FE ::2C : 
Cq {Art. 148), and the ratio of 2jP : QC decreafes 
(Alg. Art. 163), the ratio of FE : Cq decreafes; 
.therefore Cq increafes. 

When 
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When 2 coincides with F, the diftance Cy is inde- 
finitely great, ^ 

When 2 is between F and C, 2F and 2q are mea* 
fured in the fame diredion from 2 (Art. 151); and as 

/ n N 




the ratio of 2 F to 2 C increafes, the ratio of FE to 
Cq increafes, or Cq decreafes. 

When 2 coincides with C, the ratio of 2F :' FE is 
finite ; therefore the ratio of 2 C : Cq is finite, and 
fince 2C vanilhes, qC alfo vaniflies; that is, q coincides 
with C. * % 

When 2 is between C and -E, 2y mud be meafurcd 
from 2 towards E (Art. 151) ; and fince 2F : 2E :: 




iN / 



2C : 2y (Art. 147), and 2F is greater than 2C, 2F 
is greater than 2q; coniequently, q lies between 2 
and E, 

When 2 coincides with F, fince 2F is equal to 
FE, 2C is equal to Cq 5 or, q coincides with E. 

When 2 is in C£ produced, 2q muft be meafured 

from 2 towards C; and fince 2F : 2F :: 2C : 2y, 

and 2Fis greater than 2C, 2F is greater than 2q'y 

' that is, q lies between 2 and E. Alfo, fince 2F : FE:: 

F3 2C: 



I 
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QC: Cq (Art. 184), and as QC or 2F increafes, the 
ratio of 2 F to 2C decreafes (Alg. Art. 162),^ the 




ratio of FE to Cq alfo decreafes 3 that iSf Cq in- 
creafes. 

The fame demonflration, rputatis mutandis, may 
be applied to all the other cafes. 

Prop. XXXVIH. 

154. A convex fphcrical refra£ling furface of^ a denfer^ 
end a concave of a rarer medium^ diminijh the divergency ^ 
^ increafe the convergency of ail pencils of rays incident 
nearly perpendicularly upon ihentj unlefs the focus of incident 
rays be in the furface or center of the refractory , between 
thofe two pointy ; a concave fpherical furface of a denfer^ 
and convex of a rarer medium ^ have a contrary effeS. 

It appears from the laft propofition, that when rays 
are incident upon a convex Ipherij^''^ furface of a dcnfer 




medium diverging from S, a p.oint farther from the 
furface than F, they are made to converge; 

When the incident rays diverge from F, the re^ 
framed rays are parallel. 

When 
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When 2 is between F and C, the refrafted rays 
diverge from a point which is farther from the furfacc 
than 2; therefore the divergency of the rays is 
diminifhed *, 

When the inddent rays converge to any point in 
CE produced, the refracted rays converge to a point 
which is nearer to the furface than the focus of inci^ 
dent rays ; or the convergency is increafed. , 

But when the incident rays converge to a point 
between C and £, the refrafted, rays converge to a 
point farther from the furface than the focus of inci- 
dent rays ; or the convergency is diminiflied. 

When 2 coincides with C or E, the convergency, 
or divergency, is not altered. 

In the fame manner, the propofition may be proved 
in the other cafes, 

/ 

Prop. XXXIX. 

155. If Yj he the center of a fpherical r^raSlor ACB, 
and, in CE produced, QE betaken to EC :: fn. inci- 
dcnce \fn. refra£lion, all the rays converging to Q^, when 
the refraBing furface is convex , and diverging from Q^, 
when that furface i mncavCj wOf^ afl^ t^HRioriy con- 
verge tOy or diverge from, one point* * 

When the refnijaing fvirfH(SE^x6ii?eaf , let B4 an4 



^Q be two rays of the pencil, of lyhich HC pafTea 

tt^rough 

f Vid. Art. 6q. 



r4 
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through the center, and therefore fuffers no refraftion -, 
and let DJ be refira£ted in the dircAion yfq ; join E^f. 

Then, fince fin, incidence : fin. refiadion ':: QE : 
EJ :: fin. I. &JE : fin. Z. J2Ey and the 2: QJE is 
equal to the angle of incidence, the angle JQE is 
equal to the angle of refradtion, that is, to the l^EAqi 
alfo, the Z. AEQ is common to the tWo triangles 
QJE^JqE; therefore thefe triangles are fimilar, and 
QE : EJ :: EA : Eq^ the three firfl: terms of which 
proportion being invariable, the fourth, £ j, is alfo in- 
variable ; that is, all the refiraded rays meet the axis 
in the fame point. 

The propofition may be proved in the fiune manner 
whcjj the refrafling furface is concave. 

Prop. XL. 
156. To find the principal focus of a fphere. 
Let a pencil of parallel rays be incident upon the 




fphere ACD^ whofe center is E ; and let PCE be that 



>•* 




ray which paflTes through the center, and therefore 

fuffcrs 
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fufFcrs no refraftion at either furface (Art. 27); alfo, 
let S4> ^^y other ray t)f the pencil, be refrafted in 
the dire6lion j4Gy and emergent in the dire<5ion GT^ 
oiGVy which, produced backwards; or forwards, as 
the cafe may require, cuts the axis in T. Produce 
2^, and TG^ or VGj till they meet-in Hi join EA3 
EG. • 

Then, if two rays GAj A G pafs oiit of the fphcre at 
-/i and G, the angles of incidence E AG^ EGA are 
equal, and therefore the angles of deviation are equal; 
but the deviation at A is the fame, whether GA or 
QA be the iricident ray (Art. 30) ; confeqnently, when 
the ray 2A \s refraded through the fphere, the devia- 
tion at A is equal to the deviation at G; or, the 
/. ///^ (? = the Z. FG T. Alfo, the A HAG = the 
2L GFT; therefore the 4 Gi^r=the ^FGT, and FT 
= TG. Now, let the point A approximate to C, and 
F is, ultimately, the principal focus of rays after the 
firft refraftion ; alfo, the point G approximates to Z)*; 
confequently, TG is ultimately equal to TZ?, and 
therefore FT= TZ); that is, the principal focus bife<9;s 
the diftance between the focus after the firft refraftion, 
and the farther extremity of the diameter in the direc- 
tion of which the rays are incident. 

157. Cor, I. Since 2 TD = i^Z), and zDE^CD^ 
wehavezTjD^: zDE^FD:^CDi that is, iTE^ 
FC. 

. 158. Cor. 2. Since FC : CE :: fin. incidence ; 
fin. incidence ^^^ fin. refraftion (Art. 14/2), we have 
uTE : CE :: fin. incidence : fin. incidence '^^ fin. 

refraftion ; 

• Otherwife, F would coincide with 0, which cannot be the cafe 
fo long as the r^fraAing power is finite (Art. 141). 
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refradtioo; or, TE : CE :; iin, incidence : % fin. inci'* 
dence ^ 2 fin.' refiradfion. 

The diftancc TE is called xht focal length of the 
^bere. 

Ex. I. If the fphere be gUfs> placed in air, fin. in- 
cidence : fin, refr^ion :: 3 : 2 ; therefore TE : CK :: 
3 :2. 

Ex. 2. If the fphere be water, placed in air, fin, 
incidence : fin, refra&iQn :: 4 : 3 j and TE : CE :^ 

A .2. .2. I* 

Ex. 3. If fin, incidence : fin. refraftion :: e : i, 
T!£ : CE :: 2 : 2*; or Tcoincides with D. ' 

Ex. 4. If the fine of incidence be to the fine of 
refraftion i^i ^ greater ratio than ths^t of 2 : i, T'&Ib 



a 



within the fphere ; and the rays, after the fecond rc-r 

fraftipn, flivergp from T. 

. . ■• • 

159. Cor. 3. If the axes of different pencils of 
parallel rays, incident upon the fphere, lie in the fame 
plane, the foci will lie in the circumference of ^ circle 
y/hofe center is £, and r^diys ^7^, 

j6q. Cor. 
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i6o. Cor. 4. If T be the focus of rays incident 
nearly perpendicularly upon the fphere, in the con- 
trary direftion, thefe rays will be refracted parallel to 
each other, and to Tl£. 

161. Cor, 5.. If the radius of the fphere, and it's 
focal length be known, the ratio of the fine of inci- 
dence to the fine of refraftion may be determined. 

Let m\ n :: fin. incidence : fin. refradion ; then, 
2 TE : EC :: m : m '^H'y therefore 2 TE : 2 TE qp 
EC i\ m I n\ where the negative fign is to be ufed 
when the rays converge after the fir ft refraftion, and 
the pofitive fign, when they diverge. 

Prop. XLI. 

162. To find the principal foci^s of a lens whofe thicknefs 
is inconfiderable. 

JLet JB he a, lens;^ whpfe axis is rT, and center E ; 




R and r the centers of the furfaces J and B ; PJ^ QE^ 




Ms ^ pencil pf par^l rays incidept upqn it ; of 

which 
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which QE pafles through the center, and may there- 
fore be confidcred as proceeding in that dircftion after 




the fecond rcfradion (Art. 129); confequently, the 
fixus of emergent rays will be in 2£, or 2E produced. 




Let PJ be that ray of the pencil which is incident 
perpendicularly upon the furface J-, and in PJ^ or PA 
produced, which pafles through R, tdktjiF : RF :: 
the fine of incidence : the fine of refraftion; join Vr^ 
and produce it, if neceflary, till it cuts 2£ in G, and the 
furface CB in B. Then, all the rays in the pencil MSAP^ 
which are incident nearly perpendicularly upon the fur- 
face AS, will, after the firft refraftion, converge to, or 
diverge from V (Art, 141 ), and in this ftate they will fall 
upon the furface By of this pencil, that ray which 
is incident at JS coincides with the direction of the radius 
rBy and is therefore incident perpendicularly upon the 
furface B ; confequently, it will proceed in the dire<5lion 
SB (Art. 27); and the focus of emergent rays will be 

fomewhere 
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fomewhere in the line BSFj or BSF produced. The 
focus will alfo, as was before obferved, be fomewhere in 
2 EG; therefore G, the interfcftion pf the two lines, 
QE^ and £Sf^, is the focus of emergent ray§. 

Now, fince Rf^ is parallel to EG^ the triangles RFr 
and EGr are fimilar; and Rr : RV :: Er : EG', 
alternately, Rr : Er :: RF : £G, the'^diftance of the 
principal focus from the center, or the focal knpi of 
the lens *. : ' 

163. Cor. I. Since RA ^ rB : rB :: Rr : Er 
(Art. 122), we have alfo, RA 4: rfi .• rB :; RV : EG. 

16^. Cor. 2. If the inclination of tRe pencil, to 

the axis of the lens, be continually diminifhed, the 

principal focus G will defcribe the circular arc GF^ 

wliofe center is £, and radius EG. 

For, fince AV : RV y. fin, incidence : fin. refraftion :: 

# 

m : n, v/c have yiR : RV :: m^n : «; and, becaufe 
AR^ m and n are invariable, RV \s alfo invariable. 
Again, Rr : Er :: RV : EG; and, fince the three 
firft terms in this proportion are invariable, the fourth, 
EGy is alfo invariable. 

165. Cor. 3. If any point G, in the arc FG, be 
the focus of rays incident in the contrary direction, 
thefe rays will emerge parallel to each other and to 
G£(Art. 29). 

166. Cor. 

• It IS neceflary to obferve, that we only determine the ultima ;e 
interfedlion of the rays, when they are incident nearly perpendicu- 
larly on each furface; that is, when their inclination to the axis of 
the lens is diminiihed without limit. The conclufion is. however, 
nearly true, when they are inclined at a /mail, though Jiniu angle ti 
that axis. ' . , 

^EG is alfo fuppofed to be a Uraight line, paffing through E ; 
this cannot be allowed, unlcfs E be within^ or very near to the lens. 
Vid. Arts. 127. 128. 
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* 

1 66. Cor. 4/- It appears from the confl:ru6lion of 
the figures, that J)arallel rays are made to converge, by 
a double convex lens, a piano convex lefts, and a 
menifcus, of greater . denfity than the furrounding 
medium^ And that they are made to diverge, by a 
double concave, a piano concave, and a concavo con- 
vex lens, of the fame defcription ♦. 
' 167. Cori .5. If R and r be the radii of the fur- 
faces, m : n the ratio of the fine of incidence to the 
fine of refiraftioii at 'the firft furface, the focal length 

- . , . jRr » » 

of the lens is ^^ x . 

For, R':^r \r :: Rf^ : EG (Art. 163); and w— ;/ : 
ni\ R: RV (Art. 142) ; therefore, by compounding 

thefe proportions, m-n.xR^r : nr :: R ; £G; 

and EG =^-7r:rr x . 

R^r m-n 

168. Cor. 6. The diftance of the principal focus 

from the center is the fame on each fide of the lens. 

Let F be the principal focus when the rays are inci- 



r 



^ 






.^Ifik 




^ 






dent in the diredlion tA-j /the principal focus when 
they are incident in the contrary dircdion. 

Then, 

• Lcnfes are always fuppofed to be denfer than the furrounding 
medium, unl^fs the contrary be fpccified. 
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' Then, fince m and n are the fame in both: cafes, 
and R and r are alike concerned in the expreffion 

— , the value of p. ^ x is the fame, whether 



the rays are firft: incident on the furface Ay or on ^ ; 
that is, £F=£/: 

169. Cor. 7. If the radii of the (iirfaces be given,^ 

the foQal length varies as 



' V 



m — n 



I JO. Cor, 8. If one furface be plane, -the focal 
length of the lens is equal to the^focal length of the 
other furface. 

Whrti the diftance of r is indefinitely increafed, Fr 




is parallel to ER, and the figure GER^ becomes a 
parallelogram; therefore EG=:RF=Rx 



m- n 



171. Ex. I. The focal length of a double convex, 
or double concave ^lafe lens, whofe furfaces are equally 
curved, is equal to the radius of either furface. 

In thk cafe, w : « :: 3 : 2 ; and /« — «:«:: i : 2 :: 
AR : RV (Fig. Art. 162); hence RV^iAR. Alfo, 
RA+rB : rB :: 2 : I :: (RF : EG ::) lAR : 
jEG; confequently, jEG = -^i?. 



Ex. 2. 



.«! 
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Ex. 2. If one furface of a glafs lens be plane, the 
focal length is equal to the diameter of the other 
furface. 

Here, £G=i?^ (Art. 170)^ that is, EG^zJR. 

Prop. XLII. 

172. To determine the focal lenffh of a Uns whofe 
shicknefs h conftderable. 

Find the focus after the firft refraftion by Prop. 33, 
and this point being the focus of rays incident upon 
the fecond furface, the focus of emergent rays may be 
found by Prop. 2.9. or 35. 

Ex. To find the focal length of a glafs hemifphere, 
when the rays are firfl incident upon the convex 
furface* 

Let E be the center of the hemifphere, T the focus 



r 


-f- 


--< 


'"**v-' ' ' ' • • • 




<i 


CI 


li ' 


F 


T 



after the firfl rcfraftion, F the focus of cftiergent rays. 
Then, TE : EC :: 2 i i (Art. 142); 
and FE : TE :: 2 : 3 (Art. 131) ; 
hence, FE : £C :: 4 : 3. 



Prop. 



I 
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P^OP. XLIII. 

1*^1. iVhen diverpng or converging rays are iticident 

nearly perpendicularly upotf a fpherey the diftances ' of the 

focus of incfdent rays^ from fhe pri^ipal focus of rays 

corning in the contrary dire£iiony from the center of the 
fphere^ and front the geometrical focHS of emergent raySy are 
in continual proportion. ■ • 

Let 2/f and 2C be two rays of a pencil incident 
upon the fphere AC By of which S^p^fles through 




the center £, and therefore fufFers no refradion. Let 
QAht refraded in the direAion AB^ and emergent in 
the ^iikS\6Ti Sq-y produce QA and j5 till they meet 
\ti Hi take F the principal focus of fays incident in the 
contrary diredionV and from the center jE, with the 
radius EF^ defcribe the circular arc i^G, curtiqg 2^, or 
2y^ produced, inG; join G£;. Then, finceihe ray 
QA will be rcfr^ed in the feme manner aiM degree, 
whether it be confidered as belonging to the focus 2, 
or to the focus G, Bq is parallel loGE (Art. i6o); 
therefore the triangles 2(?i?, 2Hq are (imilar; whence, 
2G : 2£ :: 2H : 2y. Alfb, fince the angles HAB, 
HBA are equal (Art. 156), //yf=//5; and when A 
coincides with C, iJ coincides with .£, and G with F; 
therefore, ultimately, 2F : 2£ :: i2fi : 2^. 

G 174. Cor. 



/ 
I 



\ 
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1 74. Cor. 1 . From the fame fimilar triangles, 
^G : GE :: 2H : Hq; therefore, ultimately, 2F i 
FE:2E: Eq. 

175. Cor. 2. If/ be the principal focus of rays in- 
cident in the diredion 2C, then, Sf : FM :: Ef : fq. 

For, if ^ be the focus of incident rays, 3 is the focus 
of refraftcd rays (Art. 29)1 therefore 5/ : /£ :; qE~: 
E3 (Art. 174); invertendo, Ef: fq :: QE i Eq :: 
2F:FEi that is, 2F : FE :: Ef -.fq. 

Prop. XLIV. 

176. When druerging or (ottverging rays are incident 
nearly perpendicular iy upon a lens, w/iofe thieknefs is incon- 

fiderabk, the dijiances of the facits of incident rays from the 
principai focHS of rays coming in the contrary direQim,from 
the center of the le>u, and from the geometrical focus of 
emergent rays, are in continual proportion. 

Let AE be the lens; £its center; 3 the focus of ■ 
incident rays; 2 A, 2£ two rays of the pencil, of 
which 3£ is coincident, or nearly coincident with the 
axis of the lens, and therefore fuffers no refradion 
(Art. 12S); let 3-^ be emergent in the diredion ^H; 
produce vii/ backwards or forwards as the cafe requires, 
till it meets the axis in y; take ^the principal focus of 




rays incident the contrary way; and from the center E, 
with the radius EF, defcribe the circular arc FG^ 

meeting 



J 
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meeting QAj or 2 A produced, in G; join GE. Then, 
fiace the ray 3A will be refrafted in -the fame manner. 



and degree, whether it be cOnfidered as belonging to 
■ the focus 2, or to the focus G, A His parallel to GE 
(Art. 1 65), Hence, the triangles 2GjK, 2Aq arc fimi- 
lar, and 2G : 2E :: 2 A :^2j; therefore, ultimately, 
2F:2Ev. 2E:2q*. 

177* Cor. I. In the fame triangles, 2G : GE h 
2A: Aq ; and ultimately, 2F : FE :: 2E : Eq^ 

178. Cor. 2. Since 2F=:2E±FE, we have 2E 

tFE: FE:: 2E : Eqi therefgre £j = |||^; 

I I I • I 

. and , --- = ---T :z -— . From this equation , if the nature 

JtLq rts ilJc0 

of the lenB be known^ any two of the three quantities 
FEi 2Ey and Eq being given, the third may be found. 

179. Cor. 3. If/ be' the other principal focus, 
^iFEiiEfifq. 

For, if jf be the focus of incident fays, St is the focus 
of refraiftcd rays (Art. 29); therefore qf : fE :: qE : 
E2 (Art. 177)5 invertendo, Efifq :: 2E i Eq :: 
2F:FE; that is, 2F : FE :: Ef xfq. ' . 

Prop. XLV. 

180. The difiances QF andQ^ mu/l always be mea^ 
fured in the fame direSlionfrom Q^ 

omce 



\ 



• In this demonftration we fuppofe E to be within the lens, or 
very near to it, Vid. Note, p. 93. 

G 2u 



t^..i„ '• . . — r ' 
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Since 2F: S£ :: 2£ : 2j {Art. 176), we ha« 
SlFx 2q=2E'^i therefore the fign of the reftangle 
QFxSq is invariable; and, when the diftancc of 2 
from F is very great, the diftancc of j from/ is very 
fmall (Vid. Art. 179); meafuring, therefore, the lines 
Si^and 2q from 2, their rectangle, in this cafe, is pofi- 
tive, confequently it is always pofitive, or 2F and 2q 
mud always be mcafured the fame way from Q C^S* 
Art. 47-:)- 

181. Neady in the lame manner, it may be proved 
that £3 and Eq muft be meafured in the lame, or 
oppofire direftions from E, according as F2 and FB 
are meafured in the fame. Or oppofire diredions from 
F. As alfo, that 2F and /q muft be meafured 
oppofitc dircdions from Fa-ad/. 

182. Cor. Bccm(cSLFxfq = FExM/{An. 179),, 
QF varies inverfcly as/j; and fince thefe diflancesare 
meafured in oppoCte direiftions from F and /, it is 
manifeft that the conjugate foci, 3 and j, move in the 
fame direction upon tlie indefrniteline 2Ej. 

Prop. XLVJ, 

183. J convex lens inaeafes the coteuergency, or dimt' 
iiiJJits ike divergency of rays incident nearly perpendicularly 
vpon itf unle/s they converge to, or diverge from the eenter. 

Parallel tays are refracted conver^ng to the prindpal 
focus. 

When the incident rays diverge from a point fanhff 







from the lens than it's principal focus^ fincc 3F 

2E:i 



in 
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SJE :: 2E: 2y, and 2F is lefs than 2JE, 2 JB is Icfs 
than 2q; alfo, 2Fand 2^ are always meafured the 
lame way from ^; therefore ; is beyond the lens s or 
the refiuded rays converge. 

When 2 coincides with F, the refraded rays ^rp 
parallel. 

When 2 is between F and E$ q is on tlie fame fide 
of the lens^and farther from M than 2 is (Art. iSo)^ 



^erefore, the re&a6ted rays diverge lefs than the; inci^ 
dent rays. 

When 2 coincides with E, q alio coincides with it, 
and the convergency, or divergency, is not altered. 

When converging rays are incident upon the lens, 
Si^-isjgreater than 2£ ; therefore 2£ is greater than 



Qq; and q lies between 2 and E ; confequently, the 
refraded rays converge more than the incident rays. 

X 84. In the fame manner it may alfo be proved, that 
n concave lens increafes the divergency, or dimini(hes 
the convergency of rays incident nearly perpendicu* 
larly upon it ; except when the focus of incident rays 
coincides with the center of the lens. \*^\ nu^ 



^i 
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Prop. XLVII. 
185. To find the focal length of a compound lens. 

Let the two lenfes A and C be placed dofe together, 
in fuch a manner that their ates may cointcide ^ and 




let QA and DE be two rays of a parallel pencil 
incident upon them, of which JDfi is coincident with 
their common axis. Take / the principal fodus of 
rays incident upon the lens . A^ in the direftion T>E'j 
andi^ the principal focus of rays incident, the contrary 
way, upon the l^ns C Then, after refradion at the 
lens A J the rays converge to/, and are thus incident 
upon the lens C; if, therefore, we t^kcfF : FC :: Cf: 
Cq^ and meafure Cq and Cf in the fame, or oppofite 
direftions from C, according as Ff^ind FC ate mea&red 
in the fame, or oppofite diredions from F (Art. 181), 
q is the focus of emergent rays, and Cq the focal 
Jength of the compound lens. 

By proceeding in the fama manner, we may determine 
the focal length, when any number of lenfes are com- 
bined together. 

Cor. When F and / are coincident^ the emergent 
rays are parallel. 
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SCHOLItTM. 



JC5 



SCHOLIUM. 

i86. ft ik evident from the 33d and foUowFng pro- 
poficions, that fpherical furfaces do not caufe all the 
rays in any pencil to converge to, or diverge fronj 
the fame point, except in one particularcafe ; and this 
will be fhewn more diftin(5Uy in the 7th feftion. 

To remedy the imperfeftion of optical inftruments 
arifing from this caufe, it has been propofed to adopt 
fuch refraftors as are generated by the revolution of 
^ the ellipfe or hyperbola. But as thefe are never refor^d 
to in praftice, on account of the great difficulty of 
giving them the exadt form, and becaufe the fame 
effeft may, in a great meafure, be produced by the 
proper adjuftment of the furfaces of fpherical refradtors^ 
it will be fufficient to explain the geometrical principles 
upon which the properties of the^ propofed rcfraftors 
depend. 

187. If a prolate fpheroid be generated by an ellipfe 
whofe major axis is to the diftance between ifsfoci, as the 
Jine of incidence to the fine of refraSlion out of the ambient 
medium into thefolidy a pencil of parallel raySj incident in 
the dhreSion of it*s axiSy will be refra^led, converging 
accurately^ to the farther focus. ^ 

Let BDK be the ellipfe, by the revolution of which, 
about it*s major axis DKy the fpheroid is generated ; 
H and / it's foci s then, by the fuppofition, DK : HI \; 
fin, incidence : fin, refraftion. Let v^5, which is 

parallel to DK, be a ray of light incident upon thf^ 

54 fpheroid j 
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fpheioid ; job HB, IB ; draw EBC touching the g _._ 
rating ellipfe in B; through B and H, draw GBL and 



the gene- I 
GBL and T 




) at r^ht angles to EBC^ let GBL meet DK'm N; 
f «Dd produce /£ till it meets fKX) ia O. 

Thai, fincc the £. HBC is equal to the £. IBE, 
bv ibe niturc of the ellipfe, and the i. OBC to the £. 
IBE^ the aisles HBC, OBC are equal; alfo, the 
angles 5Cff, SCO are r^ht angles, and BC is com- 
mon to the two triat^lcs BCH, BCO; therefore, 
BO=BH{E»c, 16. 1), and lO^DK; confequendy, 
10 : IH :: fin. incidence : fin. refraftion j and, 
bccaufe BN is parallel to OH, IB : IN :: /O : /« :; 
fin. incideoce : fio. re&aflion ; alfo, IB : IN:: &n* 
INB I fin. IBN :: fin. BNH, or fin. ABG : fin. 
/£Z. i therefore, fin ABG : fin. IBL :: fin. incidence : 
fin. ycftadion ; and, fince fin. ABG is the fine of in- 
cidence, fin. IBL b the fine of refiratflioni and becaule 
the .inglc LBI is lefs than a right angle, BI is the 
refiafted ray. In the lame manner k may be Ihewn, 
that CTCr)- other ray in the pencil will be nfintdtd | 
ml. 

1S8. Cor. 1. If from the center /, mift «ar rsdiut 
kCuhw IDy tdiculiri 
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generated by the revolution of PDQ .about the axis 




DJt will refraft all the rays, iQcident pardlel to Dl^ 
ac^rately to /. ' ■ 

For, after refraftion at the furiace PDQ the ray» 
convei^e to I; md they fuffer no refraftion at the 
fur£ice /£, becaufe they are inadent perpendicularly 
upon it. 

189. Cor. 2. Rays diverging from / will be re&a£ted 
parallel to ID, 

190. ^ att k^perMoid, whofe major axis is to the 
Sfiance between the foci as the fine of incidence to the fine 
ofrefra£iiim out ^ the folid into the ambient medtutn, he 
generated in afimilar manner , parallel rays, incident in the 
direSion of the axis, and refraSed out of the hyperboloid, 
will converge to the farther focus. 

The fonner proof may be :^lied to this ca&, and 




.Cor. 
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191 . Cor. I . If P2 . be drawn perpendicular to the 
axis of the hyperbola, and meet the curve in P and 2, 




the folid generated by the revolution rf PDS, about 
the axis A£D/, will refraft all the rays, incident parallel 
to iW/, accurately to /. 

For, the rays will fufFer no refradion at the plane 
forface P2. 

192. Cor. 2. Rays diverging from /, and incident 
upon the furface PDS, will be refraftcd parallel: to 
W. 
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SECTION V. 



*ON^ THE IMAGES FORMED Bf PLANE 
AND SPHERICAL REFRACTORS. 

Prop, XLVIII. 

193. "THE ima^e of a Jlraight liney fornied by a 
plane refraHing furface^ is a Jlraight line. 

Cafe 1 . ' Let P2iJ be a ftraight line, parallel to the 
plane refrafting furface ACB \ from P and iJ, draw 




IP Ay RBy at right angles to ABy and in APy or AT 
produced, take P^ : pA :: fin/ refra6tion . : fin. 
incidence; and p is the image of P (Art. i3i)» 
Draw pr parallel to ABy or PRy and let it meet 
BRy or BR produced in r ; then, fince the figures 
4Ry Ary are parallelograms, RB = PAy and rB 
s=p4i therefore RB : rB :: PA : pA :: fin. rc- 

firaftion : 
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fraftion : fin. incidence; confequently r is the itna^ of 
R. In the fame manner it may be fliewn.thac the image 
of any other point 2, is y, the correfponding point in 
fr, determined by drawing SC perpendicular to JB, 
and producing it, if nccelfaiy, till it meets pr; con- 
fequentlj', pr is the whole image of Pi?. 

In- this cafe, UncepR is a parallelogram, the image 
is equal and parallel to the objeft. 

Cafe 2. When PUR is inchned to the refrafting 
furface. 

Produce FR, if ncceffarj', till it meets the furface 
in Di from /'and R, draw PJ, i25, at right angles 



P 




k 



to JD; and in JP, or JP produced, take PA : pA :: 
fin. refraction : (in. incidence; then is p the image of 
P. Join Dp, cutting BR, or BR produced in r; 
and in the fimilar triangles DBR, DAP, RB : BD :: 
PJ: AD; alfo, in the fimilar triangles DBr, DApt 
BD : rB :: JD : pA; and ex squo, RB :rB :: PJ \ 
pA :: fin. refraftion : fin. incidence; therefore r is 
the Image of R (Art. 131). In the fame manner it 
may be thewn, that the image of any other point 3, 
in PR, is q, the correfponding point in^r, found by 
drawing 3C perpendicular to AD, and producing C2 
if neccflaryi that is, ^r is the whole image oi PR. 

In 



J 



AKD SPHERICAL REFRACTORS. I09 

In this cafe, P2 : pif :: QD : ^D :: 2R : fr 
(Euc. 2. 6); chat is, the correfpondixig parts of the 
image and objedt are proportional. 

194. Cor. I. The image and objeft are on the fame 
fidr of the refrafting furface ; and the image is Mear€r 
to, or /artier from the furface than the objeft, accord* 
ing as the rays pafs out of a denfer into a rarer , or out 
of a rarer into a denfer medium. 

Ex. If the medium ST be water, contiguous to air, 
PA :pA :: /^i 2; and PJ: Ppi: 4: i. Thus, the 
image of the bed of a river is nearer to the fur&cc than 
the bed itfeif, by one fourth part of the whole depth* 

195. Cor. 2. Any two points py r, in the ima^, 
have the fame relative fituation that the correlponding 
points P, Rj of the objedt have; therefore the image 
is cre<5t. 

196. Cor. 3. If P-R, the Z. PDA^ and the ratio of 
the fines of incidence and refra£bion^ be known, the 
/L pDAj and pr may be found. 

FoTy DA being made the radius, tang. PDA : 
iBXig.pDA ::PA : pA:: fin. refraftion : fin. incidence; 
therefore the JL pDA may be found frpm the tables. 
-Again, PR : pr :: PD : pD :: fee. PDA : fee. pDA. 

197. Cor. 4. The image of a ftraight line, inclined 
to the furface, \s greater 9 oxlejs than the objed, accord- 
ing as the rays pafs out of a rarer into a denfer ^ or out 
of a denfer into a rarer medium. 

198. Cor. 5. If the figure ST move parallel to 
itfdf, on a line which is perpendicular to it's plane» 
PSP, and pqr^ will generate planes, th^ latter of 
which is the image d the former. > 

199. Cor. 
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199. Cor. 6. When the objeft is a plane^ parallel 
to the refra£ting fur£sice» the image is equal and parallel 
to the objcft. 

. aoo. Cor. 7. If the objefl: be a plane, inclined to 
theiefirading furface, the breadths of the obje£t ^d 
image, meafured by correfponding lines which are 
parallel to their common interfcAion, are equal ; but 
their breadths Pi?, />r, meafured by correfponding 
lines perpendicular to that interfeAion, are unequal- 
In this cafe, the image and dbjed are not fimilar. 

201, Cor. 8. If pr be the image of P/2, and the 
eye be fb placed as to receive the rays which are inci-~ 
dent nearly perpendicularly upon the furface JB, they 
will enter the eye as if they came from a real objed in 
the fituation /»r. 

Cor. 9. If the rays be refraAed at a fecond furface, 
pr may be confidered as an objed placed before that 
furface, and it's image determined in the fame manner. 

Prop. XLIX. 

202. TAe image of ajlraight line^ formed by a medium 
cotttmned by parallel plane furfaces^ is , a Jlfiiight lifte^ 
equal and parallel to the obje£l. 

Let ABba be the medium, PQR the ob^cd placed 
before it. From P, and R^ draw PAa^ RBb at right 
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angles ioAB\ and in AP^ ox AP produced, according 
a$ Ab is denfer, or rarer than the furrounding medium, 
take P^ : Aa :: fin. incidence^ fin. refraftion : fin. 

incidence i 
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Incidence;- and p is the image of P (Art. 134). Draw 
fr parallel to PR^ and let it meet BRy or BR produced^ 
in f. Then, fince Pr and Ab arc parallelograms, 
Rr^Ppy and Bb = Aa; riierefore Rr : Bb :: Pp : 
jia :: fin. incidence --^ fin. refraftion : fin. incidence, or 
r is the image oi R. In the fame manner it may be 
ihewn, that the image of any other point 2 in the 
objeft, is ^, the correfponding point in pr, determined 
by drawing 2 C perpendicular to ABy and producing 
it, • if neceffary , till it meets pr. It appears, from the 
conftru£tion, that ^ r Is equal and parallel to PR. 

Ex. If the medium Ab be glafs, furrounded by air^ 

Pp : Aa :: 1 : 2. 

♦ 

203. Cor. Whatever be the form of the objeft', the 
image will befimilar and equal to it (Vid. Art. ji). 

Prop. L. 

204. If the objeSi placed before a lenSy orfpherey be a 
circular arc concentric with it, the image will alfo be a 
circular arc^ concentric witk, andjimilar to the objeEt. 

Let AB be the refiraftor, E it's center; P2R z 
circular arc whofe center is £; in P2R take any 




point 2y and join 2£; let i^ be the principal focus 

of 

« 

* In the cafe of the lens, the prcqpo&^on is not accurately troe, 
as appears by the obfervatioA contained iu the next note. 
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r rays incident in the oppoGte dirc&iaa to 2£. la 
, or 2E produowJ, take 3F : FE :: 2£ : Ey, 
i and E<f being mcafttred in the fiunc, or of^toBts 




SreSions from E, according as 2 and £ lie in the 
U-tae, or oppolite direftlons from F; and ^ will be the 
image of ^ (Art. i8i). From the center E, with the 
radii EFt £?, defcribe the circular arcs ffT", f^r; 
and from the points P and R, in theobjeft, draw P£, 
and ii£, producing them, if neceffary, till they meet 
p^r inp and r; then will ;r betheitnage oi PR. For, 
fince £P = £3, and EF = EF, the fum, or difference 
of EP and £/', is equal to the fum, or difference of 
2£and££; that is, PV=QFi alfo, Ep = E^, by 
the conftruftion ; and QF : FE :: QE: Eq; therefore 
py : FE :: PE -. Ep, or p is the image off*, in 
the fame manner it may be Ihewn, that the image of 
every other point in PQ.R-, is the correfi>onding point 
in pt^r ; that is, p^r is the whole image of P'JIR, 

The image and objeift are fimilar arcs, becaule they 
fubtend the fame, or equal angles at E. 

205. If 

• Here it is fuppofed that the foci y , p of direfl, and oblique 
pencils, are equally diftant from E. This is not accutatelj true in 
the cafe of the lens, and confequently, [lie image is not a circular 
arc ; it does not, however, fenfibly differ, from that form, whtn the 
angle which P^ fubtcn;!* at £ is fmall. 
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%o^. If the refraftor be i fpherical furface with 

/ v"-'>V.:-; , ., 'Ar^: :^ — 

• 1 ^^^^^^\ 

• \ ^ \ 

\ T..-;:::) ^ g " 

which the objedt is concentric, it may be (liewn, nearly 
in the fame manner, from the 149th article, that the 
image is fimilar to, and concentric with the object. 

206. Cor, I. Since PR and pr atre fimilar arcs, 
PR :pr :: EQ : Eq; hence, in the lenSj or fphere, 
PR : pr : 3F : FE (Arts. 174. 177). 

207. Cor. 2. If the figure be fuppofed to revolve 
about the axis 2f, P2-R and />^r will generate fimilar 
ipherical furfaces, the latter of which is the image oC 
the former. 

208. Cor. 3. In this cafe, the magnitude of the 

objeft : the magnitude of the image : : £^* : £^*. 

209. Cor. 4. If the half of a lens, cut off by a plane 
pafiing through the axis, be removed, the image 
formed by the remaining part will be of the fame mag* 
nitude, and in the fame fituation as before ; the only 
alteration produced will be a diminution of the 
brightnefs. 

The fame may be faid, if a part of the kns be cut 
off by any plane which is parallel to the former. 

Prop. LI. 

210. IVfien the image and ofy'eSl are on the fame fide of 
the center of the refra£lor^ the ima^e is ereS with reJpeEl ta 
the oJbjeS ; when they are on oppofite fides of the center^ it 
is inverted. 

H If 
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ii4 Cor. 4. When the objed' is placed befo^ 
% double concave lens, fince 2F and FE are meafured 




the lame way from F, S and ^ are on the fame fide of' 
£ } that is» the image Is ereS:. Alfo, (ince £F is 
greater than FEy the objed is greater than the image^. 
2 1 5. Cor. 5. If converging rays, which tend to 
form the inu^e F^K^ be intercepted by a double con* 




cave lens concentric with P2i{, the fecond image pqr 
will be ereB^ or inverted^ with refped to the firft, 
according as 2 is nearer to^ or farther Jrom^ the lens 
than F, the principal focus of rays incident in the con- 
trary diredion. 

When S is between F and £, EQ and Eq are 
meafured in the fame diredion from E (Art. 181 )j 
confequendy, pqr is efed with refped tp P§IR. 
When F is between 2 and £, F2R and/>frareoa 
oppofite fides of the center ; and. therefore the iipagt 
pqr is inverted. 

216. Cor. 6. When 2 lies between Fand JS, ox pqr 
is crcd, ^F is lefs than FF, and con&quently £2 is 

lefs 



1 



AND SPHERICAL RSPRACTOK$; 1 17 

lefe than Efy or PQR h lefe than pfr. In other cafes, 
PQR may be greater than, equal to, or lefs than pqr. 
• 217. Cor. 7. When 2 coincides with F, the 

emei^nt rays, in each pi^ncil, ape parallel* 

» 

Pro?. LII. \ 

218., TAe image of ajlraiglt liney formed hy a km qr 
fphercy is the arc. of a conic feSf ion. 

Let AB be a lens, or iphere, whofe center is E^ 
PD a ftraighti line placed before it ; through E> draw 
^Eq ai righp angle§ to P^; in PD take any point Pj 



• t r . 
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jcAfl ;P£V.Wbd iVfodv^eit.^ 'Let i?* be the principal 

focus of rays incident in the direftion ^£; with the 

center £, and radius £F, defcribe the circular arc 

FV, putting P^ in T. . In PEp, take Pf^ : PE :; 

PB'i Ppj ineafuringP^ and P^ in the feme direftion 

froth P';/ then J> is the image of P (Art. 180 *j, 

*Praw j) J3^^ par^ld to qQ. Then, fince the triangles 

PE,% Ppp, are fimilar, PE : Pp :: QE : Dp-^ con. 

%(^^^znl\y,PV^PEv. QE: pp., Alfo,,-?^ : VEii 

'''PE : Ep (^Arts. 174. 177); alternately, PV \ PE :: 

^'VE (FE) Vr'^p', therefore 2£ : pp :: F^ : Ep\ 

find a^^rnat^fy; ^£ :: P£ ii Dp x Ep-^ cOnfecjucntly 

thQ. 

♦ Vid. Note^ p. 93» 
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the locus of the point />, is a conic fedion, whole 
focus is Ey and direAriic FD*: 

2i9.Xor».T. The curve is an ellipfi, parabola^ or_ 
h^perbohy according as S£ vi greater Xhdixi^ equal to, or 
lefs than FE. 

220. Cor. 2. When £^ coincides with ELy that 
ordinate to the axis which paJflTc? through the focus. Dp 
becomes equal to S£, and therefore EL^EF-y that 
is, half the latus reftum of the conic feftion is equal 
to the focal length of th^: glafs. 

221. Co?i 3. The curvature of the. image, at it's 
vertex, is thie fame, where vef the objed is placed. 

222. Cor. 4. If xq be the n^ajor axis of the conic 
feftion, Qq : Eq :: 2E : FE-^ and by divi(ion, or 
compofition, QE : Eq :: QF : FE} therefore £f = 
QExFE 2ExFE _ . ■ _ 
— 2F~ ~ 2EXF£ * ^^ manner, Ex:=i 

QExFE ^ '' QExFE QExFE 

WtFE'^ confequently, xq^^—^:^ _^_ 

^'qTf^'^ZfW A^^ *^^ )o£f, Aefqu^cof thcfemi- 

.»■ 1... ». il'.':>»i • . t ;• * ^ 

axis minor,- = c^^^p^ - ■,[" "\ ; ' '' 

223, Cor. 5. If thefoc^Jefigth of the refrador t^ 
finite, and pr ht drawn :pe;rpeqdi9u]|ar to the axis, 
the; evanefcent arc pq is equal Xopri and 3^P : qpy* 

E2 : Eq. ■ ...'^ . . ..;;" , .;^ 

Alfo, whilft the angle 3£P, which 2F fubtends at 
the center of the glafs, is frpall, though finite, the image 
pqy when formed at a finite diftance from the lefradton 
will, as to fenfe, be a rig^t line, and 2P : qp ;: 
£2:£f. . ' . ' 

Prop. 

- * 

♦ Vid. Art. 93; 
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. Prop, LIIL 

224, ThefutCs image J formed by afpherical refraSling 
furface^ lens prfphere^ is a circle^ and nearly in the princi^ 
^ focus of the refraElor. 

Let E be the center of the refradtor; Fm^f it's 
principal foci j 2P a radiu3 of the fun's difc, ' Then, 




1 1 ■ 



fince FE is inconfiderable with refpcft to 2-F*, the 
image of 2, may, for all praftical purpofes, be cori^ 
fidered as coincident with the.principal focusy of the 
refraftor (Arts. 150. 175. 179); alfo, iince SFfubterids 
a fmall angle at £*, it*s image, /^, may be confidered 
as a ftraight Jine (Art. 223). ' Now, let the figure 
revolve about 3/ as an axis, apd wJijlftSP generates 
the circle which repreferits the fun's difc, fp wijl 
generate it's image, which is, therefore, a circle, 

In the fame manner it may be (hewn, that the fun's 
image, formed by a fpheric^l refledor, is a circle, and 
in the principal focus of the reflevftor. 

225. Cor. I. Since the angle /£^ is given,/^ the 
radius of th6 image, is proport^o^i^l to £/*, the focaj 
length of the glafs. 

^ 226. Cor. 2, The area of the im^e varies as th? 
Iquare of it's radius ; and therefore as the fquar^ pf thp 
fpc?^ length of the refledjtor, or refrj^aor, 
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227. Def. By the refleding, or rcfrading^owj of 
different fubftances, we underfland the ratio of the 
number of rays refleftcd, or tranfmitted by them, if 
the number of incident rays be the lame. 

Thus, if one furface reflcft two thirds, and another 
one third of the incident rays, the reflcfting powers 
arefaid to be as 2 : i. 

228. -Cor. The number of rays refleftcd, or tranf- 
mitted, varies as the number incident, and the refieift- 
ing, or refrafting power, jointly. 

For, if the number of incident rays be given, the 
number reflected, or tranfmitted, varies as the power; 
if the power be the fame, the number of rays refledted, 
or tranfmitted, varies as the number incident; there- 
fore, when both vary, the number of rays reflefted, 
or tranfmitted, varies as the number incident, and the 
rcflefting, or refraifling power, jointly. 

Prop. LIV. 

229. The dmjity of rays in the fm's image varies 
^reSlf as the area of the apertta-e of the reficElor, or re- 
fraBor hy which it is formed, and the refleBing, or refraEi- 
iitg'power, jointly ; and inverfely as thefqHare oftkefhcat 
length of the refeSor, or refra8or. 

The dpnfity of rays in the image varies direfUy as 

their number, and inverfely as the (pace over which 

they are diff'ufed*; that is, direflly as tire number, 

and inverfely as the fquare of the focal length of the 

reflcaor.J 

* Here we fuppofe the rays to be uni/aimiy dilfured over thr 
image, wjiicb is not the cafe ; it is, however, true ai points fuTiilarl^ 
fituated in images formed by rays which are diftufecl according to 
the (afiii law. 
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refleAor, or rcfraftor (Art. 226). Alfo, the number 
of rays refleded, 6r tranfmitted, varies as the number 
incident, and the refle&ing, or refiradting power, 
jointly s that is, as the area of the aperture through 
which Che incident rays pais, and the power, jointly ; 
confequently, the dcnfity of rays in the image, varies, 
direftly, in the compound ratio of the aperture and 
power; and, inverfely, as the fquare of the focal 
length of the refleftor, or refraftor *• 

230. Cor. I. When the apertures are circular, the 
denfity varies, diredly, in the compound ratio of the 
fquare of the linear aperture and power; and inverfely 
as the fquare of the focal length of the reflefltor, or 
refraftor. 

231. Cor. 2. If the radii of the furfaces of a con- 
cave relleftor, and a double convex lens of glafs, be 
equal, as well as their apertures and powers, fince the 
focal length of the refleftor : the foc^l length of the 
lens :: 1 : 2 (Arts. 45. 171), the denfity of rays in the 
image formed by the refledor : the denfity in the 
image formed by the lens 1:4: i . 

2^2. Cor. 3. The focal length of a glafs fphere, is 
three times as great as the focal length of a refleftor 
of the fame radius (Art. 158); therefore, on the 
former fuppofition, the denfity of rays in the image 
formed by the refledor : the denfity in the image 
formed by the fphere :: 9 : i» 

233. Cor. 4. If the rays which tend to form the 
fun's image, be received by a double convex lens, 

another 

• The rayi loft ip paffing fhroiiglj t|ic air, are ppt ^kcn into th^ 
:^oant* 
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another image, nearer to the lens, and . confequently 
]e(s than the former,. will be produced (Art. 213). 
Hence it appear^, that independent of the rays \o^ 
in their paflage through the lens tbu^ employed, the 
burning power of ^, refleAor, or r«fla£l:or may be 
increa(ed. 1 . • . 
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SECTION VI. 



ON THE EYE AND THEORY OF VISION, 

234. rr^HE anne:;cejd figure rq)refeitfs a feftioa 

Xof the hutnan eye, made by a plane which 

is^ perpendicular to ^be fur&ces of the coats which 

contain it's ieveral humours, and aUb tp th$ nofe. 



y ,■ 




I 

It-s form is nearly Ipherical, and would be exadly fo^ 
wer? not the forepart a little more convex than the 
remainder 5 the parts JBFJB, BAB^ are, in reality, feg- 
fuents of a greater and a lefs fphere. 

■' ^ .-••••' ^ ' ■ The 
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The humours of the eye are contained in a firm 
coat BFBAj called i^tfcierotica i tfiie" nSoife convex^ or 
protuberant part of which, BABy is traniparent, and 
from it's • confiftency, and horny appearance, it is 
called the cornea. This coat is reprefented by the fpace 
contained beliiireen the tivo 0xt^ior<;irclei ^BivS^. 

Contiguous to the fclerotica is a fecond coat of a 
ibfter fubflance, called the chofoeiiies. This coat is 
reprefented by the next white, fpace, and extends, 
along the back part of the fclerotica, to the cornea. 

From the junflion of the choroeides and cornea 
arifes the uvea^ Bay Bay a flat, opaque membrane, in 
the forepart of which, and nearly in it*3 crater ^, is a 
circular apertuife called the pupiL 

The pupil is capable of being enlarged, or con- 
trafted with great rcadinefs-f; by which ^eans, a 
greater or left number of ftiys may be admitted into 
the eye, as' the circumftances of vifioh require. In 
weak lights tbo fevy rays might render objeds indiC- 
Undiy and in ftrong light, too many might injure the 
organ. Whilft the pupil is thus enlarged, or cont 
trafted, jt*s figure remains unaltered. This remark- 
able effeft is thought to be produced by means of fmall 
fibres which arife from the outer circumference of the 
uvea, and tend towards it*s center J this circumference 
is 3\(6 fuppafeJ to be mufcular^ and by it*s equal action 
upon the fibres, on each fide, the form of the pupil 
is preferved, whilft it*i diameter is enlarged, qr con- 
tra<Sed. 

At 

♦ In forne eyes, the puj^l \^ a litde ncara: ta the nofe than the 
center of the uvea. » • • 

t The limit of it's apertOre, in the eyes of adult.perfcns, appearJi 
to be from about ^ to -p: or ^^ of an loch, Harris's P|sti^j p. 94. 
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At the back jJart of the eye, a little helier to the 
nofe than the pbint which is oppofite to the pupil, 
enters the optic nerve V^ which fpreads itfelf over the 
whole of thexhoroeidcs like a fine net ; and from this 
cireutnftance is called the retina. It is immerfed - in a 
dark mucus which adheres to the choroeides, 

Thefe three coats, the fclerotica^ the ckoroeidts^ and ' 
the retina^ enter the focket of the eye at the fame 
place. The (clerocica is a continuation of the dura 
mater y a thick membrane which lies immediately under 
» the fcuU. The choroeides is a continuation of the 
pa mater J a fine thin miembrane which adheres clofely 
to the brain. The retina proceeds from the brain* 

Within the eye, a little behind the pupil, is a foft 
tranfparent fubftance EDE, nearlj^ of the form of a 
double convex lens, the anterior fufface of which is 
lefs curved than the pofterior, and rounded off at 
the edges, £, £, as the figure reprefehts. This 
humour, which is nearly of the confiftency of hard 
jelly, decreafing gradually in denfity from the center 
Xo the circumference, is called the cryftalline humour 
It b kept in it's place by a mufcle, called the UgameH- 
turn eiliarei which takes it's rife from the jun<9:ion of 
the choroeides and cornea, and is a little convex to- 
wards the uvea ♦. 

The cavity of the eye, between the cornea and the 
cryftalline humour, is filled with a tranfparent fluid 
like water, called the aqtteous humour. The cavity be- 
tween the crydalline humour and the back part of the 

eye, 

* The anterior furface of this mdcle, aad the pofterior furface of the 
i^ea, are covered with a black mucus, evidently ddignedito^forb any 
of the extreme rays which may happen to reach fo far, and which 
might be refic^ed to the retina, and produce confufion in th^ vifion. 
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eye, is alfo filled wifli a iranfparent fluid, rather more 

f ilcous tban the former, called the v'Urems humow. 

235. It is not eafy to afcertain, wiih great accuracy* 
the refrafting powers of the feveral humours ; the re- 
frafling powers of the aqueous and vitreous humours, 
are nearly equal to that of water ; the refrafting power 
of the cryflalline humour is fomewhat greater *. 

236. The furfaces of the feveral humours of the eye 
arc fo iituatedas to have one line perpendicular to them 
all. This line ADF is called the axis of the eye, or 
the optic axis -j . 

237. The/offl/ center of the eye is that point in the 
axis at which the image upon the retina, lad the obje£t, 
fubtend equal angles. 

This point is not far diftant from the pofterior fur- 
face of the cryftalliae lens ;|;, though it's fituation is 
probably fubjeit to a fmail charge, as the figure of 
the eye, or the diftanct; of the objeift is changed. 

238. From the confideration of the ftrufturc of the 
eye, we irtay eafiiy underftand how the notices of ex- 
ternal objefts are conveyed to the brain. 

Let P2R be an objeft, towards which the axis 
of the eye is direded j then, the rays which diverge 
from any point 2, and fall upon the convex fjrfkce 
of the aqueous humour §, have a degree of conver- 

gcncy 

• This is roanlfell from the figure of the cryfialline humour, and 
'the circumftance that pcrfons couched, (in which cafe the cryftal- 
line lens ia taken out) are obliged to ufe convex glaffcs. 

-|- The dimenfions of the feveral parts of the eye iiiajr be feea in 
Harris's Optics-, page g+. 

jHairis, p. 9;. 

§ The furfaces of the corni-a are nearly parallel to each other, and 
therefore it produces little alteration in the divergency of raytwliieh 
pafs through ii. 
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geticy given them ; they arc then rcfraded by a double 
convex lens, denfer than the ambient mediums, which 




increafes the convergency; and if the extreme rays 

2i/, 2/, have a proper degree of divergency before 
incidence, the pencil will be again colkfted upon the 
retina, at f , and there form an image of 2. In the 
lame manner, the rays which diverge from any other 
points, P, Ry in the objeft, will te colIe<5ted at the 
correlponding points ^, r, of the retina, and a complete 
image, />fr, oftheobjecft P2iJ, will be formed there. 
The impreffion, thus made, is conveyed to the brain by 
the optic nerve, which originates there, and is evidently 
calculated to anfwer this purpofe^ 

239. Since the axes of the feveral pencils crofs each 
other at O, the fdcal center of the eye, the image upon 
the retina is inverted with rcfpe<9: to the objed *; and if, 
• by any means, the image of an ereft objed, be crefl: 
upon the retina, that objed appears inverted. 

240. It has been objeded, that if the images ^spon 
the retina be inverted, external objeds ought to appear 
inverted. To which it may be anfwerpd, that experience 

t <■■ . I alone 

■• If the outer coat be taken fom an ox*s eye* Wbilfi it is wanm 
t^ images of external objects are obferved to be inFeited upon the 
lettna. - 
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' alone teaches us, what fituation of the external <fo]eQi 

correfponds to a particular impreflion upon the retina-j 
I nor is it of any coniequence what that impreflion is, or 

I' in what manner it is made i but whenever the fame 

! effcft is produced upon the organ, we expedt to find 

the lame external objed, and in the fituation to which 

our former experience direiSs us. 

241 . If the point P move along the line P3,R, from 
ihe right to the left, the image p moves from the left 
to the right, upon the retina. And in general, when- 

V ever the image, upon tlic retina, moves from the 

I left to the right, we are led, by experience, to con- 

clude that the objedl really moves from the right to 
\ the left. 

242. If the form of the eye, the fituation of the 
■ Jeveral humours, and their refpeftive furfaces, remain 

unaltered, it is manifeft: that thofe rays only, which 
diverge from points at a particular diftance, can be 
collefted upon the retina. Thus, if the image of 2 be 
formed cxaftly upon the retina, the image of 5» a, 



¥ 




point farther from the «ye than 2, will be formed 
within the eye; therefore, the rays which proceed from 
this point, will be diffufed over fome fpace upon the 
retina ; and, if ihey are mixed with the rays which 
diverge from other points in the objeft, iieceflary to be 
diftinguiftied from the former, the vifion will be 
indifliiift. 



i diftinguin 
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indiftinft *. The rays which diverge from T, a point ' 
nearer to the eye than 2, will, after refraftion, con- 




verge to /, a point behind the retina ; in this cafe alfo, 
they will be difFufed over fome fpace upon the retina, 
and the vifion, as before, will be indiftindt, 

243. By what change in the conformation of the 
eye, we are enabled to fee objefts dtftinftly at differept 
diftances, is not fully afcertained. The fadt itfelf is 
fufficiejjtly manifeft; but authors differ as to the man^ 
ner in which the^effedt is produced. It is fuppofed by 
fbme, that the general figure of the eye. is altered j 
that,' when the objedk to be viewed is near, the length 
of the eye, meafurcd along the axis, is increafed by the 
lateral preffure of external mufcles ; and, on the con- 
trary, when the objedt is remote, that the length of 
the eye is diminifhed, by the relaxation of that 
preffure. Others fuppofe the effedt to be produced 
by a change in the place, or figure of thfe cryftalline 
humour. Others, by an alteration in the diameter 
bf the pupil. Others afcribe the effedt to a change in 
the curvature of the cornea. 

Much flrefs cannot be laid upon the firft of thefe 
caufes, as diftinguifhed from the laft, fince it*s exiftence 

is 

* In many cafes it is not neceflary to diftingaifh very nicely the 
adjacent parts of objedls ; as in reading large print, viewing trees, 
lioiifes» mountains, &c. and though the rays are not exactly collefted 
upon the retiaa> the image is fufE'ciently well ceEned for the purpofe^ 
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is not proved by experiment ; and there is no ileceflity 
for recurring to a bare hypothefis of this kind. With 
refpeft lo the fccond, the Ugamentum ciliare does not 
appear fufficiently ftrong to produce any confiderable 
change in the form, or fituarion of the cryftalline 
humour. And as it is clearly afcertained *, that per- 
fons couched can fee diftinflly at different diftances, 
we muft conclude that the effect is not to be afcribed 
lo any change in this humour. 

A change in the aperture of the pupil has fome 
effed in rendering objefts diftinct at different diftances. 

If the eye of a fpeftator be direi5ted, firft to a diftant 
objed, and then to, one which is nearer, the diametet 
of the pupil is obferved to decreafe. Let HI be the 
diameter of the pupil ; S.H, 21, the extreme rays of x 



pencil, diverging from 3 ; and which the humours of 
the eye are capable of colleifting upon the retina. 
Then, when 2 is at a Jefs diftance, Sl/i, from the eye 
than before, if A/, the diameter of the pupil, be equal 
XoHI, the extreme rays 2//, 2i, of the pencil which 
now enters the pupil, diverge more than 2H, 31; and 
therefore, they will not be collefted upon the retina 
(Art. 242-); but ii QH, 21, cut /;/ in m and n, and 
4hc diameter of the pupil be contrafted to mn, then 
the extreme rays 2m, 2«, coincide with 2.H, 2/, antj 
will, as thofe rays are, be colleiilcd upon the retina. 
Thus, if the diameter of the pupil, mn, be proportional 

to 
• Pbilof. Tranf, Vol. LXXXV. p. 6, 
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to the diftance 2m, and die objeft be feen diftinftly 
at any one dlftance, it will be feen diftinflly at all 
other diftances, by the variation of the pupil alone, as 
far as this variation extends (Vid, note, page 124)*. 
The diameter of the pupil, however, appears to be 
much more aiFefted by the quantity of light, than by 
the diftance of an objeft from it; therefore, though 
it's variation tends to correft the different degrees of 
divergency of the extreme rays, when objeifts are at 
* different diftances, it will not produce the effect fo con- 
ftantly and regularly as is neceffary for diftinft vifion. 

The principal change by which die effeft is produced, 
feems to be an alteration in the curvature of the cornea. 
In order to ftiew that fuch a change takes place, Mr, 
. Ramsden fixed the head of a fpcftator fo fccurely, 
that no deception could arife from it's motion, and 
diredted him to look at a diftant objcdt; whilft the eye 
was in this fituation, he placed a microfcope,, in fuch 
a manner, that the wire, with which it was furnilhed, 
apparently coincided with the cuter furface of the cor- 
nea i and then direfting the fpecftator to look at a 
nearer objcft, he found that the cornea immediately 
projedted beyond the wire of the microfcope -j-. 

Now, when the diftance of an object is diminilhed, 
luppofing 

* It is on thii account tliat a Gnall hole in a thin plate enables us 
to view objefls at a lefs diftaiicc than wc conld with the naked eye, 
as it anfwers the purpofc of a farther contraflion of the pupil, and 
excludes thofe rays in each pencil, which diverge too much. This 
«ICflance cannot be made ufe of to any great eirtcnt, becaufe the 
image upon the retina will foon become indidinft for wantof lightj 
and the inflection of rays at the fides of the hole, will render it 
confiifed. 

t This experiment is defcribed in a very ingenious paper by Mr.- 
HoME,PhUofoph. Tranf. Vol. LXXXV. p. 16. 
1 1 
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fuppofing no alteration to take place in the eye, the 
divergency of the extreme rays of the pencil incident 
upon the pupil, is incrcafed ; and therefore, if the 
image of the objedt in the firft fituaiion, be formed 
upon the retina, in the latter it will be formed behind 
it (Art. 242); but an increafe in the curvature of thp 
cornea will increafe the convergency of the refrafted 
rays, or bring them fooner to a focus ; and thus, ty 
a proper change in this coat of the eye, the rays wLU 
again be brought to a focus upon the retina, and the 
objeft be ftill feen diftinaiy. 

244. The leaft diftance at which objefts can be 
feen diftinftly by common eyes, is about 7 or S 
inches *. The greateft diftance cannot be fo eafily, 
or accurately afcertained. It feems that the generality 
of eyes are capable of coUeifling parallel rays upon the 
retina, or fo near to it as to produce diftinft vifioni 
and thus, the greateft diftance at which objetfls can 
be diftindtly viewed, is unlimited. For this reafon» 
in adapting optical inftruments to common eyes, and 
calculating their powers, we fuppofe the parts to be. 
fo arranged, that the rays in each pencil may, when ihey 
fall upon the cornea, be parallel. 

245. If the humours of the eye be too convex, paral' 
Jel rays, and fuch pencils as diverge from points at any 

confiderable diftance, are coUcftcd before they reach 
the retina (Art. 242); and objefts, to be feen 
diftindly, rauft be brought nenrcr to the eye. This, 
inconvenience may be remedied by a concave glals 
whofe focal length is fo adjufted as to give the rays, 
proceeding from a diftant objeiJt, fuch a degree (rf 
divergency as the eye requires. 

PHOf,: 

• JlartU.p. 1*4. 
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Prop- LV. 

246. Having given the idiftance at which a fhortjighted 
perfon can fee dijlindllyy to find the focal length of a glafs 
-which will enable him to fee difiinEtly at any other given 
difiance. 

If 2 £ be the dlftance at which he can fee diftinftly, 
and ^E 4 greater diftance, at which he wilhes to view 
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objcfts, let AE be a concave lens, whofe focal length i^ 
fuch, that the rays wl]iich are incident upon it, diverging 
from 2, may, after refradion, diverge from j; then they 
will have a proper degree of divergency for the eyeof this 
Ipcdlator. Take F the principal focus of rays incident in 
the contrary direftipn; then, fince 2 and j are conju- 
gate foci,2F : 2£ :: 2£ : 2y (Art. 176); dividendo^ 

FE:QE::Eqi2q', therefore FE=:^^^-^. 

247. Cor. If QE be indefinitely great, FE=Ef. 

248. When the humours of the eye are too flat, the 
rays which diverge from a point near the eye, converge 
to a point behind the retina. This imperfeftion may 
be remedied by a convex lens, whofe focal length is 
adjufted t6 the diftance at which objeds are to be 
viewed, and the degree of convergency in the rays of 
each pencil, which the eye requires.' 

1 3 Prop.^ 
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Prop. LVI. 

249. Having given the diftance at which a ItMgJightei 
per fin can fie MftinSlly^ to find the focal length of a glafs 
which will enable him to fie diftinSlly at any other givers 
diftance. 

If 9 £ be the diftance at which he can fee diftin£Uy, 
and 2£ the diftance at which he wi(he$ to view 
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objedls, let AB be a convex lens whofc' focal length F£, 
is fuch, that the rays which diverge &om~S> may, 
after refradion, diverge from q. Take F the prin- 
cipal focusofraysincident in the contrary diredion; and 
iince S and q are conjugate foci, QF i SIE v. QE : 
Qq ; componendo, FE : QE :: Eq : 2qi and FJg=s: 
QExEq 

2q ^ \ ■ 

250. Cor, I. IfqE be indefinitely great, or the eye 
require parallel rays, FE = 2E. 

251. Cor. 2. If the eye require converging rays, q 
falls on the other fide of the lens ^ in this cafe, Pj? is 
le{sthan2£. 

252. In the choice of glafifes for long, or (hort 
fighted perfons, care fhould be taken to felcft fuch as 
have the leaft refi-afting power that will anfwer the 
purpofe. For, the eye has a tendency to retain that 

conformatioa 
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conformationi to which it is accuftomed; and thejrefore, 
by the ufe of improper glafles, it*s imperfeiaion may 
])c incr^afed. 



Prop. LVIL 

253, If the apparent dijiance of an ohjeS he given^ an4 
tie angle which itfubtends at the center of the ^e he finally 
$fs apparent linear magnituife is tfearly proportional to that 
pngle. • • 

. When objefts are at th^ fame diftance from the eye, 
and appiear to be fo, we learn t)y eijperience to form 
^n eftimate of their linear magnitudgis with confider- 
able accuraqr. That is, thp apparent magnitudes are 
nearly proportional to the real magnitudes, and the 
f^^rfmagnitudps are proportional to the angles which 
the objects fubtend at the center of the eye, when 
thofe angles are fmall j therefore their apparent magr 
nitudes are niearly in that ratio. 

254. An objedl, and it*s, image upon the rgtina, 
fubtend equal angles at the center of the eye ; and 
fuppofing the center fixed, and the angles fmall, the 
linear magnitude of thp image is nearly proportional 
to the angle which it fubtends at that center ; therefore 
the linear magnitude of an objeft at a given diftance 
from the eye, is nearly proportional to the linear mag^ 
nitude of it's pjdure upon the retina ^. 

>55- The 

* On this ^counf^ porhapSf we learn to eftimate the magnitude^ 
pf obje£b« at a given diftance^ more readily than we ibonid other- 
Fife be able to do ; but> did the magnitude oi the pidure upon the 
fetioa vairy according to any other law^ we fhoiiid fii|l leam by exv 
penen$e to eftimate magnitudes by the fight; thait i^» the apparent 
fpid f^ i9iagnita(]^ If (Tu^ 

When 

■ ?4 
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255. The judgment we form of the magnitude of 
an objeft, depends very much upon the notion we 
liave of it's diftance ; and fince the apparent diftance 
depends upon a variety of caufes, which are fubjedt 
to no calculation, in fpeaking of apparent magnitude 
authors generally fuppofe the apparent diftance to be 
given. 

256. Def. By the vifiial angle of an object, we 
underftand the angle which the axes of the extreme 
pencils coming from it, contain at the center of the 
eye; whether the objed: is viewed with the naked eye, 
or with the affillance of refleding furfaces, or refrading 
mediums. 

Prop. LVIII. 

257. IVhen a given obJiSl is viewed with the naked eye^ 
the denfity cf light in the image upon the retina, fnppojing 
none to be lojl sr. ifs pajfage through the air, and the diame- 
ter of the pupil to be invariable, is nearly the fame at all 
diftances of the eye from the ohjeB. 

The denfity of light, in the image of a fmall portion 
of the objeft, varies dire6tly as the number of rays, 
and inverfeiy as the fpace over which ihey are diffufcd. 
The number of rays which pafs through the pupil, 
fuppofing it's diameter given, and that none are j 
ftopped in ihcir progrefi, varies inverfeiy as the fquarc , 
of the diftance of the objeft from the eye. (Art. 11). 

Alfo. 

When objefli fubtend coofidcrable angles at tht center of the eye, 
we judge of their magniiades by carryicig the optic axes over their 
feveral parts; and in this cafe alio, the apparent, and real mag- 
niiades are nearly proporttonalj if we have had fufficient experience 
in dUmating magnitudes of this defcriptian. 
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AlCoj the linear magnitude of the pifture upon the 
retina, varies as the angle which the objeft fubtends at 
the center of the eye, nearly (Ar;. 254) ; that is, 
nearly in the inverfe ratio of the diftahce of the objeft 
from the eye; confeqgently, th^ area of the pifture 
upon the retina, or fpace over which the rays are 
difFufed, varies inverfely as the fquare of that diftance, 
nearly.. Hence it follows, that the denfity of rays in 
the image, varies inverfely as the fqyare of the diftance 
of the objeft from the eye, on. one account, and 
direftly as the fquare of that diftance on the other ; 
therefore, upon the whole, the denfity is invariable. 

"What has been proved of the image of one fmall 
portion of the objedt, may be proved of every other; 
confequently, the denfity, in every part of the image 
upon the retina, is invariable. 
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258. It may here be obferved, that a confiderablc 
quantity of light is loft, or abforbed, in it's paffage 
through the air; and that the quantity thus loft, 
ceteris paribus, increafes as the diftance between th? 
objed and the ey6 increafes, though not in that ratio*. 

On 

* If the ipaces^ through which the light paffcs, increafe in arith* 
yietical progreflion^ thp quantity of light will decre^e in geome- 
trical progreflion. 

Let the fpace be divided into equal portions ; and let J, B, C, D, 
Sec, reprefent the quantity of light which enters the ift, 2d« i^d, 4tl\f 
&c. portion, rcfpedlivcly; alfo, fuppofe ;J-th part of the whole light 
to be loft» or abforbed in it's paflage through the ift portion of 
fpace; then ^ part of the remaiiider will be loft in paffing 
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On this account, therefore, the brightncls of an objeA 
decreafes, as it's diftance from the eye increafcs, As 
the diftance of the qbjeft increafes, however, the 
aperture of the pupil is enlarged ; and therefore more 
rays are, by ihis means, received into the eye; and 
thus the former effeft is, in fome degree counteraifted. 
Did the denfiry of rays in the piiflure upon the 
retina decreafe confiderably, as the diftance of the 
objeft indjjafes, bodies in the neighbourhood td" the 
fpeflator would, by iheir fijperior brightnefs, overpower 
the impreffions made by thofe which are more remote: 
and the latter would be difcerned with great difficulty, 
or not at all. Wc are indeed able to diftinguifh 
objects in exceedingly different degrees of light, a^ 
different times ; thus we are able to read a fmall prirtt 
by moon li^^lit, though it's incenfity does not exceed 
■9-o,trB-B-th part of the inteiifity of common day-lighl *, 
But this quantity" of light is not fufficient to rendcF 
' fuch objc<Ss difcernible as are fiirroundcd by others 
much more luminous; for, the ftrong light proceeding 
from the latter bodies, by the powerful impreffioa it 
makes upon the retina, overcomes the effetfl produced 
by the more delicate pencils which flow from the 
ftjrnier, as weaker founds aie not diftinguifhable in a 
hurricane. 

throoohihead.aDdfoon. Thus y? , or ^^^ X-^—B. In tha 

■ " mm ^ 

feme manner, ^^-^^x5=Cj — ~ ' X C = iJ, &c. That is, J, B, 

C, D, &c. form a decreafing geomettical pro^effioHi whofc c(kin- 



• This is Dr. Smith's tttUalaikn; M. Bouguer conclude} 
from ixpirime'it, that the ftrength of moon-li^ht is about j^Tj,a,rw^ 
part of that of day-light. 
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hurricanef This feems to be the reafon that the flame 
of a candle is fcarcely difcernible in broad day light; 
and that ftars become vifible at different times after 
ftin-fet, according to their different degrees of bright-^ 
nefs. 

^59. The impreflions made by rays of light upon 
the retina continue fome time after the impulfes ceafe, ' 
as appears by the experiment of a burning coal, whirled ^ 
jrbund in a circle, which was mentioned on a former 

m 

occafion (Art, 8). Sir Isaac Newton accounts for 
this phenomenon by fuppofing that the impreflions of 
light are conveyed to the brain by vibrations excited iq 
the retina, and propagated, through the optic nerve> 
to the fenforium *; and that the vibrations once pro- 
duced, continue fome time, perhaps about i'', after 
the exciting caufe has ceafed to aft, 

260. In explaining the nature and circumftance^ 
of vifion, we have only to attend to the ftruftiire of 
one eye ; for, in whatever- manner rays are refrafteJ, 
and images formed by the humours of one eye, in the 
fame manner will the fame effefts be produced by the • 
humours of the other. The only queftion that can 
arife is, how it happens that in vifion with both eyes, 
pbjeds appear fingle. It is not eafy to decide, - 
whether this effeft is produced by the fimilarity of 
correfponding parts of the optic nerves, and their 
union in the brain -}-, or by habit. Jn fupport of the 
latter opinion, we may be allowed to alledge the 
following fad, related by Mr. Chesselben: A per- 
fon had one of his eyes diflorted by a blow ; and, for 
fpnie time, every objeft, to hifp, appeared double; but by 

degrees 

• Optips, Query i6t t Op, Query 15. 
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degrees the mod ^miliar ones became fingle, and in 
time, all objefts became fb, though the diftortion 
continued *. To this we may add, that children 
fomctimes learn to fquint; and by proper attention, 
thb habit may again, in a great meafure, be correded. 
Under both circumftances, objeds appear fingle, and 
it is manifefl that the images cannoft, in both cafes, 
fail upon correfponding points of the retinas. 

^61. But, whatever be the caufe of fingle vifion, 
when an objcft is viewed attentively, the axes of both 
eyes are, in general -f , directed to it. Thus, if P be 
the objeft, the eyes are moved till the optic axes, AP^ 



aPi meet in P; and the images, A^ a, are formed on 
correfponding points of the retinas %. In this pofition 

of 

• Smith's Optics, Art. 137. 

f Perfons who fqubt do not diredl the optic axes to the objea 
^ey are looking at. 

X The retina may perhaps be moft fufceptible of the impreffions 
of light where the optic axis meets it; and the images formed near 
that part of the retina, will be lefs diftorted and more regularly and 
^iftinAly ^^fined^ thai\ when th^ rays pafs more obliquely through 

tli« 
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of the ima^, whether from the corfelpondence of the 
nerveS) or firom experience, the idea of a (ingle objeft' 
is fuggefled to the mind ; fcarcely difTering fi-om the 
idea excited by one of the images alone, excepting 
that the objeft appears fomewhat brighter when feen 
with both eyes, than when feen with one. Alfo, whilft 
the eyes remain in the (ame pofition, the images, 5, ^, 
of 2, an bbjcdt near to P, and at the fame diftance 
ffom the eyes, will be formed on the retinas; the eyes 
having affumed a proper conformation for diftinfl: 
vifion at th^t diftance; and JS, ^, which are both on 
the right, or both on the left of the refpedive axes, 
are qorrcfponding points, and fuggeft the idea of a 
(ingle objeft, as in the former cafe. 

Bur, if ah objeft 2 lie between the optic axes, or thofe 




axes produced, it's .images will be formed at By b, oi| 

points 

the humours of the eye. For one or both of thefc reafons, we SittQt 
the axis of each eye to an objeft, when we wiih to view it to the 
greateft advantage. 
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points upon thd iwinas which do not corrcfpond; and 
thus tbcy will excite the fenfations, ufually produced 




by different objedls, 2), E, at that diftance to which 
the eyes are adapted for vilion* Howeyerj when the 
attention is more particularly called to the objedt 2, 
the optic axes are direfted to itj and the points, D,Ey 
coincide. 

262. Of apparent diftance, meaiured in a dire6t 
line from the fpedlator, nothing has'been faid in the 
foregoing fedlion. It is fubjedl to no calculation, 
and therefore, does not immediately fall in with the 
plan of the prefent work. It may riot however be 
ihnpropet to enumerate the' caufes upon which it 
depends, as they are given by Mr* Harris in his 
Optics, referring the reader^ for farther information on 
the fubjeft, to that work *» 

I . Tie change of conformation in the eye, is one of the 
means whereby we are enabled to judge offmall dijiances. 
, In 

• Page 154. •.. i68» 



la viewing hear objefb, or fuch as are within about 
an arm's length of us, at every fenfible change of 
diftance, the eye muft alfo change it's conformatioii 
for procuring diftinft vifion. And thus, if we were 
5,ccuftomed to look attfentively at objefts with one eye 
only, it is very likely that the changes made on thefe 
occafions, would be fenfible enough, after repeated 
trials, to enable us to judge pretty accurately of the 
difierent degrees of fmall diftances. 

This method, however, will not ferve us to a greater 
extent than, perhaps, about 20 or 30 inches!. Beyond 
which limit, the different degrees of divergency of 
rays in the different pencils which enter the eye, bear 
no fenfible proportion to the different diftances of the 
points from which they diverge* 

2* Inclination of the optic axes^ is another more certain 
mean of diftinguifhing degrees offtncdl diflancis. 

When an obgefl is viewed attentively with both 
eyes, the axis of each is dire(^ed towards it;, and as 
the diflance of the obje£t is increafed or diminifhed, 
there is a correfponding diminution or increafe in the 
angle at which thefe ax^s are inclined to each others 
The fenfktions which accompany thefe dififefent iacli- 
iiations, enable us to determine with confiderabje ac- 
curacy, the places of objeds which are not above five 
or fix feet from us. As the diflance becomes greater^ 
' we begin to be more uncertain in our eflimaticJns of 
it; and beyond three or four yards, the means, 
hitherto cOnfidered, feem to be of litde or no ufe. 
Por, beyond that extent, the difiexences of the optic 

angles^ 
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angles, arifing from the different dlftances, are lb very 
fniall as to become in a manner iiifenfible, 

3. The length of the ground plane, or the number of 
intervening parts perceived tii it, is another mean, by 
which we ejiimate SJlance. 

When the floor^ or ground on which we ftandt is 
uniformly extended betbre us, in a line produced 
direftly from us on this plane, wc can diftinguilli , 
that fuch fucceflivc parts as form fcnfible angles at the 
eye, are fucceffive, or one behind the other; and the 
greater the number of vifible parts which the line con- 
tains, the greater, confeqiientlj', is the vifible extent 
of the whole. 

Again, a row of houfes, columns, or trees regularly 
planted, appears longer than a plain wall of the {amc 
extent. For, the more vifible and remarkable parts 
in the former cafe, enable us to correct theeflimate we 
make when fuch objects do not intervene; and alfo, 
our previous knowledge thut the feveral intermediate 
objeftE are difpofed at equal intervals, tends to protraft 
the apparent length of the whole chain ftill farther. 
A river, at firft, looks not fo broad, as after we have 
had a fide view of the bridge acrofs it : and indeed, a 
given extent of water, does not appear fo long as the 
fame extent of land ; as it is more difficult to diftin- 
guilh parts in the fiirface of the one, than it is in the 
fiirface of the other. 



L 



Differe>it degrees of apparent difiance are 
by the different appearances of known objeSs, or by the 
magnitudes of their kaji vifible parts. 

A 
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A building, none of whofe. parts are dif(;emib!e, 
appears much farther off than another, whofe windows 
and doors are vifible; and this latter appears farther off 
than a houfe having vifible parts which are known to 
be ftill fmaller; as the bricks in the wall, tiles on the 
roof, &c. Objcfts of unufual magniriides, detached 
as it were, from others, miilead us in our judgement of 
diftances ; the greater magnitude ufually fuggefting to- 
the mind, the idea of lefs diftance. 

5. J/l other things being the fame^ different colour i 
and degrees of brightnefs of obJe£is, caufe a difference of 
'apparent diflance. 

As objects become more and more remote, the lights 
which arrives at the eye from their lead: vifible parts, is 
continually diminiflied (Art. 258) ; and they appear 
more faint, languid, and oblbure. Alfo, their colours 
not only gradually lofe their laftre, but likewife degene- 
rate from their native hue, and participate more of the 
blueifi] colour of the fky, as the rays have paiTed through 
a greater body of air, or as the images upon the retina 
are tinged with a greater proportion of fky light. 

Thefe different appearances are of ufe to us in 
judging of the real diftances of known objefts j and 
confequently affeft the ideas of apparent diftances; thofe 
objects that are brightefl, and whofe colours are moft 
vivid, appearing neareft. Thus, in foggy weather all 
objeds appear farther otT than ordinary; the diminu- 
tion of light, in this cafe, producing the effeift of that 
diminution which arifes from greater diflance. 

K 263. When ■ 
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263. When objects, which fubtend fmall angles a£ 
the center of the eye, are of the, fame colour and 
brightnefs, and at the fame ditlancer, their apparent 
magnitudes are proportional to thofe angles (Art. 253). 
And when they are at different diftances, and fubtend 
equal angles at the center of the eye, fince their real' 
magnitudes are proportional to their real diftances, it 
is probable that their apparent magnitudes are nearly 
proportional to their apparent diftances *. And thus, 
in general, the apparent magnitudes are as the vifual 
angles, and apparent diftances, joindy. 

Hence it follows, that any error in our eftimate crf"i 
jipparent diftance, will produce a proportional error in 
our eftimate of magnitude. Thus, in foggy weather,' 
at the fame time that objefts appear farther off, they 
appear larger ; and the diameter of the fun, or moon, 
appears greater, or lefs, according as we are led by 
circumftances to fuppofe it's diftance greater or lefs at 
one time than at another. 

• Any error in this propoiition muft arifc from the limited ex- 
perience we have of the truth of the fornitr. The magnitude of 
which we are here fpeaking, is the Uneai- magnitude. 
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SECTION VII. 



ON OPTICAL INSTRUMENTS. 



On Hadley's Quadrant. 



264. TTPON the radii Z)C, EC, of the quadrant 

vJ OECi and at right angles to it*s plane^ are 

fixed two plane refleftors J, By whole furfaces are 




pafaliel when the index 2), on the moveable radius CD, 
i§ brought to 0; and confequently, the arc OD will 

meafurc 
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meafurc their inclioation when the moveable radius CD 
is in any other fituation. The whole fur&ce of the 
glafs B is not quickfilvered, a part of it being left* 
tranfparenc ihat objefts may be feen direftJy through 
it, and by rays which pafs clofe to the quickfilvered,^ 
or reflefting part. 

When the angular diftancc of two objefts, S, 3, 'n 
to be taken, the quadrant is heU in fuch a pofition 
that it's plane pafles through ihem both ; and the radius 
CD is moved till one of them S is feen, after two re- 
fleftions of the incident ray SJ, in the diredion H2', 
and the other 2, by the direft ray QH, in the fanw 
linei that is, till the objeifts apparently coincide. 
Then, if 5^ be produced till it meets 2// in H, the 
angle SH2, contained between the firft incident, and 
laft reflei^ted ray, is equal to twice the angle of incli- 
nation of the two refletftors [Art. 39]; therefore, the' 
angular diftancc of the two objeds is meafured by 
twice the arc DO*. 



On the Mii^!/: Lmtl^'ni. 

265, The figure ABCD reprel'ents a tin box, or 
lantern, in the fore p^rt of which is a Aiding tube, 
fiirnidied wkli a double convex lens EF. Betweerv 
the lanlcrn and the lens, a fmall fpace, apt is left t(^ 
admit a thin plate of glafs, upon which inverted 
figures are painted in iranfparent colours. 

When this inftrument is ufed, the lamp K being 
lighted, and the room darkened, the tube is moved 

tiU 

• The mechcxt of adjufting tliis ioftruiFKnt any be f«n bi Mti 
Viwcb'» Praflical Aftronomy, p. 8. 
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till qp is farther from the lens than it's principal focus 
/i and confequently PQ, an inverted image of /-j, or aii 




ered: image of the figure intended to be reprelented, 
is formed at fome diilance from the lens (Art, 211), 
and painted in it's proper colours upon a fcreen placed 
at the concoiirfe of the refraAed rays. 

Sometimes a refleftor is placed behind the lamp, 
or a convex lens before it, for the purpofe of throwing 
a greater quantity of light upon pq. 

266. Cor. If the fcreen and lantern be fixed, and 
their diflance exceed four times the focal length of the 
lens, the image may be thrown upon the fcreen, by 
moving the lens nearer to, or farther from ji^, as the 
cafe requires. 

For, }/: qE :: qE : j2 (Art 176), or qE-fE : 
qE :: qE : j2; in which proportion there is only 
one unknown quantity, qE, which may be determined 
by the folution of a quadratic equation whofe roots are 
poflible, except the diftance y2 belefs than four times 
the focal length of the lens EF*. 

On 

•'LttgE~xi/Ez=a; j^=i. Then, x~a : x :: x -. if 
therefore *' = i* — io; or, **— i*r = — i«; hcoce, x'^-ix-t- 

-= 2 — ; and *=-=*: -^^^ ~ — . If i = 4«P we have 

44 a a 

x:=:aa. If i be lefs than 411, the expreSion i* impoflible, which 

fliews that the image cannot, b this cafe, be formed opon the fcreen. 
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On the Camera Objaim. 

z'iy. If light be admiucd, through a convex lens, 

in a a darkened chamber, or into a box from which. 
all cxrrai.eous light is excluded, and the refrafted rays 
be recL'ived upon a fcreen, placed at a proper diftance, 
inverted images of external objefts will be formed 
upon it. And if the lens be fixed in a Aiding tube, 
the images of objefts at different diftances may fuc- 
ceffively be thrown upon the fcreen, by moving the 
kns backwards or forwards, as in the magic lantern. 

Let P2.R be an objeft a: a confiderable diftance 
from the lens, and at right angles to it's axis; the 
image pqr, will be formed, nearly in the prinGip4 




focus of the glafs, and may be received upon a fcreeti 
placed there. But, in general, the rays are intercepted 
before they form the image, by a plane reileftor, AC^ 
inclined at an angle of 43° to the axis of the lens ; or, 
which is the fame thing, ac an angle of 45° to the 
image pgr; by this means, an image abc is formed, 
fimilar and equal to pqr, and inclined at an equal 
angle, to the refleftor (Art, 72), a:nd confequently, 
parallel to the axis of the lens. If the lens be moved 
towaids the reflector, the image j5jr, (which is in th^; 
pnncip^ 
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principal focus of the lens,) and confequently^ nbc^ 
Avill move from the tefledtor; and the contrary. 
Thus, the image abc^ may, by a proper adjuftment 
of the lens, be thrown upon a table, or any furface 
prepared to receive it. 

268. Cor. I. When the image is thrown down- 
wards, it will appear ereft to a fpeftator between 
DF and the refleftor ABCy fince the point a^ 
which correfponds to ^, or to P in the qbjecl:, is 
reared to the refleftor. Alfo, the axis of a pencil 
of rays which flows from a point to the right of S, 
will crofs the axis 2,q at the center of the lens, and 
the rays will form an image which, to this fpeftator, 
js to the right of b. 

269. Cor. 2. When the image is thrown upwards, 
if it be viewed by a fpeftator whofe face is turned 
towards the objeft, it will appear eredt as to the top and 




K 



G- 



the bottom ; for the point a^ which correiponds to p^ 
or to P in the objed, is the fartheft point in the image 
frotn the refledlor; and therefore, the fart bed point 
from the fpedaton But, with refped to the right and 
the left, the image will be inverted. For, the axis of a 
pencil of rays which flows from a point in the objeft 
to the right of Qy will crofs the axis Qqzi the center 

K 4 of 
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of the lens, and the rays will be collefted ai a point 
which, to this fpetftator, Js to the left oi b. 



170. AnobjeSmay be feen diJlinSlly through a convex 

lens. 

Let AE be a convex Iens*j E it's center; P2 aa 
pbjeft placed in it's principal focus. Then, the rays 



which diverge from any point P will be refracted 
parallel to each other, and to PE (Art, 165); and 
therefore, they will be proper for vjfion to common 
eyes. In the fame manner, the rays diverging from 
any other point will be refraded parallel to each other, 
- and the whole objeft will be feen diftinftly (Art. 244). 

If the eye require diverging rays, the objedl mull 
be placed between the lens and it's principal focusj fot 
then, the rays which diverge from P, a point between 
the principal focus and the glafs, will, after refraftion 
diverge (Art. 182); and therefore be proper for 
diftinil: vifion in this cafe. 

If the eye require converging rays, the obje£l mud 
be placed beyond the principal focus ; for then, the 
rays in each pencil will, after refraftion, converge. 

Prop. 

* Ofthls defcHption are the double conrex kttt, the piano co^ 
fpx, sM the menifcus, 
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Prop. LX. 

2 7 1 • When an objeS is placed in the principal focus of 
a ctmvex lens through which it is viewed^ it appears ereEl^ 

For, if AO be drawn parallel to P£ (Fig. Art. 270), 
the rays which diverge from P, and are received by 
the eye, enter the pupil in the diredion A0\ and the 
rays which diverge from S, enter the pupil in the 
diredion JBt). Thus, the rays which flow from the 
extreme points P, S, of the objeft, crofs each other 
at O, and therefore the pidure upon the retina is 
inverted ; or, the objeft appears ereft (Art. 239). 

272. Cor. In the fame manner, if the objedt be 
near to the principal focus, and the eye not very 
diftant from the glafs, the image upon the retina will 
be inverted y ai^d confequcndy, the objed will appear 
^red. 

Prpp. LXI. 

273. To determine the variation of the angle which a 
given objeSl fubiends at the center of the eye^ when viewed 
through a convex lens. 

Let E be the center of the lens ; F and /it's prin- 
cipal foci s P2 the given objed; /)j it's image; O 



the place of the eye \ join O/, and let it meet the lens 
W 4^ Trhen, the ray$ whigh diverge from P, enter 

the 
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the eye in the diredion AOy and thofe which diverge 
from 2, enter the eye in the dire^ion JEO; therefore, 
the ^ AOEy or pOq, is the angle which the objcft, thus 
feen, fublcnds at the center of the eye; and this angle 

varies as ^. Now, 2F : FE (:: 2£.: Eq) :: QP : 

FEx 2P - 

- qpy therefore y/> « — -^-^ — . Alfo, 2F : FE : : Ef > 

FE X Ef ' 
' fq (Art, 179)5 therefore, /y= — ^ ,, , and, when 

H is between F and £, and O beyond/, Oq=fq-\- 
^, FExEf , ^^_ F£ X £/+ aFx Of _ 
^J- QF "•" ■^~ aF ■" 

■Fg X E/+ FE - Sii, X 0/ _ - F^ X A/+ 0/- 2ExO/ 
2F """ 2F 

FEx OE - 2E X 0/ _ - ., *fl 
= —Q-p '- . Confequently. ^ = 

j^j,^OE-2txO/ ' »l^^^«f^«> the vifual angle 

''^'*'' ^' bExOE-lltxOr °'' ^'"" ^^ ^"^ ^^ 
are invariable^ inverfely as FE x OE-^^QE x Of. 

When is between £ and/, 0/is negative, and the 
vifual angle varies inverfely as FE x E0 + 2E x Of. 

When the image pq is between O and/, the expref- 

fion, FEx E0'—2E x Of becomes negative; for, 

n n^ f ^ExOf- FEx EO ., ^ 

O g = Of-fq = ^^ ; and diereforc 

pq 

• In thefe, afld other calculations of the fame kind, the angle* - 
contained by tJie axes of the extreme pencils, at the. center of th|p 
eye, are lUppofed to be fmall ; and our conclufions, though not 
ftridlly true, are fufficiently accurate for the purpofes to which they 
are applied. 
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-£i = -T-^^ — — — 77-= ; and the vifual angle 

Oq ^ExO/-I'JixEO'- 

varies inverfely as 2E x Of- FE x EO. This Ihews 

that the angle pOq lies on the other fide of tlic 



axis 20; and the image upon the retina, which was 

before inverted, will now be ered'. 

274. Cor. 1, When the eye is placed clofe to the 
glafs, the expreffion, FExE0 + 2Ex0/, becomes 
QExEf; therefore the vifual angle varies inverlely 
ps S£. In this cafe, the Z. pOq = ihe C PE2. 

275. Cor. 2. When O coincides with/, the expref- 
fion becomes FEx Ef, which is invariable. Thai is, 
when the eye is in the principal focus ot the glafs, the 
vifual angle is the fame, whatever be the diftance of 
the objeft from the lens. 

276. Cor. 3. When 3 coincides with F, the ex- 
preffion becomes FE x EOd=FE x Of', or FE x Ef. 

That is, the vifual angle is the fame, whatever be 
the diftance of the eye from the glafs ; and it is equal " 
to the vifual angle when the eye is in the principal 
f^clls, and to the angle which the cbjecl fubtends at 
the center of the lens. 

277. Cor. 4. When the eye is farther ffom the, 
glafs than the principal foctis /, as 2E decreafes, 
FExEO ~ 3E X Of increafes; and, therefore, the 
vifual angle decreafes, iinlefs the image fall between 
the eye and the glafs; in which cafe the vifual angle 
varies inverfely as 2Ex Of- FEx EO; and iLerefoic 
(t increafes as 2£ decreafes. 

278. Cor. 

L 1 
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278. Cor. 5. When the eye is between the principal 
focus and the lens, as 2£ decrcafes, the expreffioa 
FEx EO + QExQf decreafcyj and, therefore, the 
vifual angle incrcafes. 

279. Cor, 6. When the rays, tiinding to form the 
image 2P, are intercepted by the glafs, and afterwards 




received by tlie eye, 2E becomes negative; and the 
vifual angle, when £0 is greater than £/, varies in- 
verfely as FExE0 + 2Ex Of. When EO h lefs 
than £/, the vifual angle varies inverfely as FE x EO 
^ 2£ X O/, or QE x O/- FE x EO, according a$ 
JEO is greater, or lefs than Eq. ^ 

m 

Prop. LXII. 

280. TAe rays which ^ after reflexion or refraBlim^ 
tend to form an image j may be refraRed to the eye by 
a concave lens^ in fuch a manner as to form a dijlin3 
image upon the retina. 

Let the rays which tend fo form the image P2, be 
received upon the concave lens JE *, whofe focal 







length is E2. Then> iTnCe P is the principal focus 

of 

• Of this 4^efcription are the double covsCkve, the piano cooCave^ 
and the coaci^vo convex lenfe^. 
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of the lens, the rays which converge to P will, ^fter 
refradtion, be parallel to each other (Art. 165), and 
therefore proper for vifion to common eyes-, that is^ 
a diftind image of P will be formed upon the retina. 
In the fame manner it appears, that a diftindt image 
of every other point in P2 will be formed upon the 
retina; and thus a complete, and diftind image of 
the whole objed will be formed there. 

If the eye require diverging rays, the glafe muft be 
moved farther fronr the image P2. For, then the 
rays in each penci* converge to a point farther front 
the glafs than the principal focus; and therefore, after 
refraftion they will diverge (Art. 215}, and be proper 
for vifion in this cafe. 

If the eye require converging rays, the lens muft 
be moved the contrary way. 

Prop. LXIII. 

281. Whin the image Q^P is in the primpal focus of 
she concave lens, the piSlure upon the retina is ereS with 
refpea to QP, 

Let E be the center of the lens*; O the place of 
the eye ; P the loweft: point in the image ; join PE ; 
and draw AO parallel to EP. Then, thofe rays of 
the pencil belonging to P, which are received by the 
eye, enter the pupil in the direftion AOy and proceed 
to the lower part of the retina; and thofe which 
belong to 2, enter the pupil in the diredtion £0, and 
proceed to the upper part; confequently, the pidure 
upon the retina is ereft with relpeft to 2 P. 

282. Cor. 

• Sec the laft figure. 
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282. Cor. In the fame tnanner it appears^ that wii^n 
2P h nearly in the prmcipal focus, and the eye not 
very dillant from the glafs^ the image upon the letiiUr 
is ered« 

f 

Pro^. LXIV. 

183.. To find how the vifnal angle varies^ whenrayi^ 
whkh tend to form an image in the axis of a concave lens, 
are refraSed to an eyejituate in that axis. 

Let rays which tend to form the image QP be in- 
tercepted by the concave lens AEj whofe center is £, 
add axis qF2i and after refradion let them be received 




by an eye placed at O. Take y^ the image of 2Pf 
and join ^O. Then, the vifual angle pOq varies as 

St. Now, 2F:FE {:: 2E : Eq) :: 2? : qp^^ 

Oq 

op sc FF 
therefore, qp=r q^ - Alfo, 2F : FE :: Ef i 

FE X Ef 
fq i whence, fq = — ^p '■> and, when £2 is greater than 

*,r. ^ r ^r,A o\ FExEf+2Fx0f 

EF, Oq^fq + 0/iAn. i8i)= ^-^, -— = 

F E X E/+ 2 E- FE x Of FEx Ef- f^2Ex0f 
2F ~ 2F 



2E X Of - FE X EO 
— — ^ i 



therefore. 



SP _ 

Oq - 

2Px 



.,»" 
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2PxFE ' 

QE X Of- FE X EO * 



IS9 

I 

and fince QP and FE are 



given, the vifual angb varies inverfely as 2 £ x Of— 
FE X EO. 

284. Cor. I. When the eye is placed dofc to the ' 
glafe, EO vanifties ; therefore the vifual angle varies 
inverfely as ^ExOf\ that is, inverfely as S-fi. la 
this cafe, the angle qOp becomes equal to 2EP. 

285. Cor. 2* When 2 coipcides with F, the ex- 
' preffion, QEx Of- FE x £0, becomes FE x Of-EO 

=:jp£x £/, which is iryrariable; in this cafe, there- 
fore, the vifual angle is the fame, whatever be the 
diftance of the eye from the glafs. 

286. Cor. 3- When the expreflion, 2E x Of^ 
FE X EOy becomes negative, the image upon the 
retina, which was before ered, will be inverted with 
refpedtoSP-^ 

On the qftrcnomical Tekfcopi. 

287. The aftronomical telefcopc confifts of two 
convex lenfcs, whofe axes are in the fame right line, 
and whofe diftance is equal to the fum of their focal 
lengths. 

288. The common axis of the two lenfcs is called 
the axis of the telefcope. 

289. The lens which is turned towards tbc ot^eft 
to be vie\ved, and which has the greater focal length, 
is called the obje£l glafs. The lens to which the eye is 
applied, is called the eye glafs. 



Prop 
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Prop. LXV. 
ago. A dijiant objeSl may he feert di/lin£liy through the 

aftronomical telefeope ; and the angle which it jubtends 
at the center of the eye, when ihui feen, is to the angle 
which it jiibtendi at the naked esey as the focal length of the 

ohjed g'afs, to the focal length of the eyeglafs. 

Let Z and E be the centers of the two glaflesi 2P 
anobjcfl, towards which the axis of the telefeope is 
direded j and fo diftani, that tlie rays which flow from 
any one point in it, and fall upon the ot^cft glafs jL, 




may be confidered as pamllcl. Then qp, an inverted 
image of 2P, will be formed in ihc principal focus of 
the glafs L-, and contained between the lines 2iy, 
and PLp (Art. 204}; and, becaufe LE is equal to 
the fum of the focal lengths of the two glaffes, />} is in 
tlie principal focus of the glafs ^fii confequently, ^y 
maybe feen diftinctly through this glafs, if the eye of the 
obfcrvcr be able to colleift parallel rays upon che retina 
(Art. 270). Prodiice/'i/i tillit mcetsthec)eglafsin5; 
join^fi; and draw iJO parallel top£. Then, the rays 
«hich flow from P in the objeft, ox p it's image, enter 
the eye, placed at O, in the dirciftion BO. Alfo, the 
rays which flow from 2, enter the eye in the direftion 
EO; thus, the angle which 'JIP fubtcnds at the center 
of the eye, when viewed dirough the telefeope, is the 

angle 
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- angle BOE, which is equal to pEij. The angle 
which 3P fubtends, when viewed with the naked eye 
from Ly is PLSi, which is equal to pL^, And, Jince 
the CpEq : the £.pLq (whenthefe angles arefmall)* :: 
Lq : Eq, the angle which the objeft fubtends at the 
center of the eye, when feen through the telefcope : 
the angle which it fubtends at the center of the naked 
eye :: Lq : Eq. 

291. Cor. I . If the angle which the objcft fubtends 
at the center of the naked eye be given, the angle which 
it fubtends at the center of the eye, when feen through 

the telefcope, varies as -p^. This quantity is ufually 

called the magnifying power of the telefcope. 

292. Cor. 2. If the telefcope be inverted, the objeft 
may be feen diftindly ; and the vifual angle will be as 

" much diminifhedas it was magnified in the former cafe. 

293. Cor. 3. To adapt the telefcope to a nearer 
' objeft, the eye glafs mufl be moved farther from the 

objeft glafs. 

For, if 2P be brought nearer to the glafs L, the 
ima^e qp will be formed at a greater diftance from it 
(Art. 182); and therefore, in order that 5/1 may dill be 
in the principal focus of the glafs E, this glafs mull be 
moved farther from L. 

294. Cor. 4. When QP is brought nearer to Z, 
the magnifying power is increafed. For, Lq is in- 

creafed, and Eq remains the fame; therefore^ is 

increafed . 

295. Cor. 5. To adjuft the telefcope to the eye of 

3 

• Proportions of this kind are to be confidered only as approxima- 
tions, which become more accurate as the angles decreafe. 
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a ftiort fighled perfon, the eye glafs muft be moved 
nearer to the objcft glafs. If the eye require converg. 
ing rays, the eye glafc rauil be moved the contraiy 
■way (Art. 270), 

296. Cor. 6. If we fuppole the eye to be placed 
between the gla& JB and it's principal focus, the 
vifual angle is increafcd by adjufting the telelcopc to 
the eye of a Ihort fighted perfon (Art. 27S}. If the 
e>'e be farther from the glafs than it's principal focus, 
that angle is ditniniflied (Art. 277). The contrary 
cfFeds are produced when the telcfcope is adjufted to 
the eye of a long lighted perfon. 

Prop. LXVI. 
497. ObjeBs, feen tArougk the aftronomical tdefcope^ 
appear inverted. 

The image o^ pqr is inverted upon the retina (Art, 
271); and p<ir is inverted with refpedt to P2Jt 
(Art. 211); therefore the image upon the retina is 
creft with refped to PQR; and confequeatly the 
object appears inverted (Art. 239). 

298. Cor. An objeft moving acrofs the field of the 
telcfcope from the right to the left, appears to move 
from the left to the right. 

Prop. LXVII. 

299. In the agronomical telefiope, the field of view ii 
the gfeatejl, when the e^e is placed between the eye glafi 
and it's principal f ecus. 

The field of view U the grcateft, when the eye is fo 
placed as to receive the extreme rays, refradied from 

the 
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the objcft glafs to the eye glafs. Let MN be the 
diameter of the objeil glafs ; -^^, the diameter of the 



V 




[&-fiL 



... -'^ 



ii" 



^ 



I^ . 



eye gUfs ; join Ny By the correfponding eistremities ot 
the glafles, and let NB cut the image j&yr in pi joia 
pLy and filppofe pL, EL to be produced till they meet 
the objedt SP, in P and 2; join alfo, />£, NP; and 
draw BO parallel to pE. Then, if the eye be placed 
at 0, it will receive .the ray NBO. And this is the 
ray which comes frdm a point in the objeft, at the 
greateft vifible diftance frdm the axis of the telefcope } 
for, the rays which flow from any point in the objed, 
above P, will, after the firft refradlion, converge to a 
point below />, and all of them fall below the glafs jiB^ 
therefore P is the extreme point vifible in the objedt, 
and 2r is half the linear magnitude of the vifible area* 
Now, *\^hen the diameter of the objedt glafs is greater 
than that of the eye glafs, which is the cafe in the aftro- 
nomical telefcope, the rays NBy L E converge to fome 
point X beyond the eye glafs; and therefore, the point 
O to which they converge after the fecdtid refradlidn, 
and where the eye mull be placed to receive them, i^ 
between the glafs E and it's principal focus (Vid^ Arts# 
xj^. i8i.) 

' 300. Cor. 1. If NB and L^ be parallel, is, the 
principal focus of the glafs E ; and if they diverge, O 
lies beyond the principal focus* 

L.a. 301- Con 
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301. Cor. 2. it appears from the preceding figure» 
L "at NBO is the only ray which comes to the eye from 
P; for, any other ray of the pencil, as PLp, after rc- 
fradion at the objeft glafi, crofies NB in p, and falls 
below the eye glafs. Hence it follows, that the ex- 
tremity of the vifible area is very faint. If a point 
be taken in the objeft, nearer to the center of the 
field of view, more of the rays which flow firom it 
will be refracted to the eye ; and thus, the brightnefe will 
continually increafe till all the rays in each pencil, inci- 
dent upon MN, are received by the glafs jfB; when 
this takes place, the brightnefs will become uniform ; 
bccanfe the fame number of rays, or very flearly fOf 
is received by the glafs MN from every point in the 
objeft *. 

302. Cor. 3. To determine the bright part of the' 
field of view, join MB, cutting ^jr in s, and the axis 
LE in r; join alfo jX, and produce it till it meets ^t 




the objeft in 5. Then, ifxE be greater than j£, all 
the rays which flow from 5, and fall upon MN, will 
be refraaed to the eye glafsj for, SM is refrafted in 
the dircdlion MsB; and any other ray of the pencil, 
as SL, crofles MB at s, and falls fomewhere between 

• Here it is fuppofed that the pupil is properly placed, and ft 
lirgc as to receive aH the rays lefraftetl by the lens /IB, 
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A and B. In the fame manner, the rays which flow 
from any point between 5 and 2, and fall upon MNy 
will be rcfraiited to the eye glafs AB. 

303. Cor. 4. If q and x coincide, that is, if the 
linear apertures, Ml>!, AB, of the glafles, be propor- 
tional to their focal lengths, the brightnefs of the field 
increafcs to the center. 

304. Cor. 5. If 5 fall between L and a", the whole 
of the rays belonging to any one pencil incident upon 
M'Ny will not be received by the eye glafs. In this 
cafe, a lefs aperture of the objeft glafs would produce 
the fame brightnefs, with lefs aberration *. 

Prop. LXVIir. 

305. The linear magnitude of the greaiefi vijible area 
is meafured by the angle which the diameter of the eye 
glafs fjtbtends at the center of the object glafs, tncreafed by 
the difference between the angles which the diameter of the 
objeB glafs fabtends at the image, and at the eye glafs. 

Xjil pqr, as in the preceding propofitions, be the 
image formed by the objeft glafs. Join I^B, cutting 




/>jrin/>; join alfo, Z,5, Z,/i; andfuppofepZ,£L to be 
produced till they meet the objeft in P and 3. Then, 
QPf which is half the linear magnitude of the greateft 

vilible 
,• Vid. Sea. vrn. 
1-3 
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vifiblc area (Art. 299), is meafured by the angle PL^ 
or it's equal pLq; that is, by BLE + BLpi or, 
BLE+ LpN-LBNi therefore, zQP is meafured 
by zBLE+iLpN- zLBN. 

306. Con In the fame manner it may be (hewn, 
that the linear magnitude of the brighteft part of the 
vifible area, is meafured by the angle which the diameter 
of the eye glafs fubtends at the center of the objedt 
glafs,' diminished by the difference between the angles 
which the diameter of the objedt glafs fubtends at the 
im^ge^ and at the eye ^lafs. 



Pkop. LXIX. 

■ t ■. ■ _ . . . 

307. If two convex Ipifes be added to the former y and 
placed in a fimilar manner ^ a difiant otjeB may be feen 
difilnElly through the telefcopCy and the vifual angle will 
be altered in Ihe ratio of the focal lengths of the additional 
glajfes. 

laziCDy HKj^ be the additional glaffcs, whofe axes 
coincide with the line LE produced, and the diftance 
of whofe centers, FG^ is equal to the fum of their 
focal lengths; alfo, let CD be fb pjaced as to receive 
the extreme rays refrafted by JB, 

Then, fince the rays in each pencil, after refraftion 
at the glafs £, are parallel (Art. 290), they will be 
coUefted in the principal focus of the glafs CD-, that 
is, in the principal focus of the glafs HK-, and an 
image, abcy will be formed there, which may be feen 
diftinAly through the lens HK (Art. 270). 

Again, 
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tin, let jBC be the extreme pencil of rays refrafted 
by ABi draw Fa parallel to JSC^ and kt it meet aic 
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in «; join aGjCa-, and produce. Ca till it meets the 
lens HK in H; draw HF parallel to ^ Gj and at F let 
the eye be placed. Then, NBCHF being the courfe 
of the pencil of rayi» which flows fi^pn P} and LMFGF 

1.4 the 
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the courfe of the pencil which flows from 2, the angle 
t, which 3P fubtends at the center of the eye, when teen 

I through the four glafles : the angle which it tubtends 

[ there, when (een through the firfttwo :: the i Hf^G : 

the £. EOB :: the £. aG£> : the z. aF* ;: Fh : G^. 
r 308. Cor. I. Since the angle which 2P fubtends 

* at the center of the eye, when it is fcen through the 

\ . two firft glafles : the angle wlHch it ibbtends at the 

I center of the naked eye :: Lq ; Eq (Art, 290), by 

compounding this proportion with the lad, we have, 
the angle which the object fubtends at the center of 
the eye, when viewed through the four glaffis : the 
. angle which it fubtends at the naked eye :: Lqx Fb ^ 

Eqy.Gb, 

309. Cor. 2. If Gb and Fb be ecjuai, the vifual 
angle is not altered. 

310. Cor. 3. The objcft, when viewed through the 
, glafles thus combined, appears ereft. For, the axes 

of the feveral pencils of rays which flow from the 
image fqr, crofs each other at O ; therefore, the image 
abc b invened with refpeft to pqr\ or, ereifl with 
refpeft to the obje<5t PQR; and coofequently, the 
image upon the retina is inverted (Art. 271); that is, 
the objeft appears ered *. 

311. Cor. 4. If the apertures of the additional glaiTes 
be properly adjufted, the field of view will not be 
altered. For, the extreme rays, refraifled by AB, 
may be received by CD, and refrafted to HK. 

312. Cor, 



• This is one advantage gained by the additional glattcs. The 
inconvenience with wiiich they arc attended is, that they render 

obje£l| 
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312. Cor. 5. This telefcope may be adjufted to the 
eye of a ftiort figlited perfon, by moving the glafs HK 
nearer to CD (Art. Z70) ; or, if -E, F, G, be conneded, 
by moving thefe three glaffes nearer to L. If the eye 
of the obferver require converging rays, the glafles 
muft be moved the contrary way. 

313. Sometimes a convex lens is interpofed between 
the objeft glafs and it*s principal focus, in the aftrono-. 
mical telefcope, for the purpofe of increafing the field 
of view, and dimidiihing the aberration of the latei:^ 
rays (Sed. 8). 

Let FGJI be fuch a lens, whofe axis is coincident 
with the axis of the telefcope. Then, the rays which 



t 




tend to form the image gr/>, after refraflion at the glafa 
FH^ form the image al^j between G and q (Art. 213); 
and this image is viewed througli the eye glafs £, 
whofe focal length is ^£ ♦. 

objcifb more feint, by increafing the quanthy of the refra6ling 
inedium through which the rays moft pafs, before they arrive at the 
eye (Vid. note, p, 137.) 

f Other conftrudtions, with the explanation of their advantage^ 
m/f be feen in the Encyclo/pfdia BritaimfC0, ArUcle TeU/co^e^ 
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On Galileo's Tele/cope. 

314. Galileo's telefcope confifts of a convex and a 
concave lens, whofe axes are in the fame line, and 
whofe diftance is equal to the difference of their focal 
lengths. 



Prop. LXX/ 

315. J dijiant objeS may be fcen dijiin£ily through 
Galileo* s telefcope \ and the angle which itfubtends at the 
center of the eye when thus feen^ is to the angle which it 
fubtends at the center of the naked eye^ as the focal length 
pfthe objeSl glafSy'to the focal length of the eye glafs. 

Let L and E be the centers of the glaffes; PQR a 
diftant objeft, towards which the axis of the telefcope 







i^direfted; pqr it*ii;^image in the principal focus of 
the glafs L, and therefore in the principal focus of the 
glafs jE; then, fince the rays tend to form an image 
in the principal focus of the concave lens £, after re- 
fraftion at that lens, they' will be proper for vifion 
(Art. 284); or, a diftind image of Ue^objeft P2i2, 
wiU be forrped upon th^ retina of a commoij eye. 

Alio, 
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Alfo, the angle under which the objeft 2P is feeo 
through the telefqope, is equal to the aSgle gEp (Art. 
284); ^nd the angle under which it is feen with the 
naked eye from X,ls 2LP, which is equal to ^Lp- 
therefore, the vifual angle in the former cafe : the vifual 
angle in the latter :i Lq i Eq. 

316. Coi. I. The magnifying power of the telcC- 

cope is meafured by -rr- (Vid. Art. 291). 

317. Cot. 2. To adapt this telelcope to a nearer 
objeft, the eye glafe muft be moved to a greater 
diftance from the objed: glafs. 

For, as QL decreafes, Lq increafes (Art. 182); 
therefore, in order that the principal focus of the gla& 
JE may coincide with q^LE muft be increafed. 

This is the conftrudion of a common opeca glafs. 

318. Cor. 3. When the telefcope is adjufted to a 
nearer objed, the magnifying power is increafed ; for 
Xf is mcreafedp and.^^ remains the fame^ therefore 

-— is increafed. 

319. Cor. 4. To adjuft this telelcope to the eye of 
a (hort lighted perfon, the eye glafs muft be moved 
nearer to the objed: glafs; if the eye.require converging 
rays, the eye glafs muft be moved the contrary wi^y 
(Art. 280). 

320. Cor. 5. To take in the greateft field of view, 
the eye muft be placed clof^ to the glafs AB^2& will be 
(hewn in a fubfequent anicle ; and therefore, by ad- 
jufting the telefcope to the eye of a (hort lighted perfon, 
the vifual angle of a given obged: is diminifbed (Art. 
284); and on the contrary, by adjufting it to the e}'C 
^a long fighted perfon, this angle is increafed* 
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Prop. LXXI. 
311. Oije^s, fccn ihr'Atgh Gaiikas ielefcope^ appear 

Fof, the im^e upon tlic retina is ereft, with refpeft 
to pqr (Art. 281)1 liicreforc it is inverted "with refpeit 
to the objefti or the objtdt appears erefl. (Art. 239J. 



Prop. LXXII. 

322. Tke linear magnilude of the field of view, wkea 
the eye is placed clofe to the coiicave lens in Galileo's telef- 
£Ope, is meafured by the angle which the diameter of the 
pupil fiibtends at the center of the objeSi glafs, increajed by 
the difference between the angles which the diameter of the 
objeil glafs Jiibtends at the pupil, and at the image. 

Let MN be the diameter of the objeft glalsj AB, 

the diameter of the pupil, whofe center is in the axis of 




ihe telefcope; jotii M, B, the oppofite extremities of 
thefe diameters ; and let MB meet the axis in x, and 
the image tap; join LB, Lp; and fuppofe pL,qL 
to be produced till they meet the objed: in P and 2j 
alfo, fuppofe -A/P to be joined. Then will PM be 
refraftcd 
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reftafted to the pupil in the direftion MB ; but any 
other ray in the pencil/as PL, and every ray whichflows 
from a point more diftant from the axis of the telefcope, 
and is refraded by MiV, will fallibelow the pupil ; 
therefore 2P is half the linear magnitude of the greateft 
vifiblc area. Alfo, 2P is meafured by the angle 2LP, 
orit*s tt{M^pLqz:^ELB + BLp^ELB+LBM^ 
LpM; and by doubling thefe quantities, 2.2P is mea- 
fured by 2 ELB + zL BM- iLpM. 

323. Cor. I . The ra^s MxBy LxEy which are inci- 
dent upon the gla(s £, diverging from at, after refrac- 
tion will diverge more (Art. 183) ; therefore if the eye 
be moved to any other point in the axis of the telef- 
cope, theray xBy will not enter the pupil; and con- 
fequently the vifible Jirea will be diminiftied. 

324. Cor. 2. To determine the brlghteft part of 
the vifible area, join NB, and let it meet the image 
in s; join BLy sL, and produce sL till it meets the 



t^ 



objefl: in S. Then, all the rays which flow from S, 6t 
froip any point between S and S, and fall upon the 
objeft glafs, will be refraded to the eye*i and 25 
will be the linear magnitude of half the bright part of 
the field of view. Alfb, 25 is meafured hy the angle 
SL2, which'is equal to sLq;=zBLE -^ BLs=:BLE- 

LBN 

f Vid. Art 30X» 
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LBN + LsN; and 225 is meafured by zBLS"- 
^LBN+zLsN. 



On Sir Isaac Newton's Tele/cope. 

325. Let JCB be a concave fpherical refledtor, 
whofc middle point is C, and center E. Joia C£, 



IP 




this is called the axis of therefitSlor^ or of the telefcope. 
Let C£ be diredled to the point 2, in the diftant 
4)bjed 2 P; then, qpy an inverted image of 2Py would 
be formed in the principal focus of the refleftor, at right 
angles to CE (Art. 47), and terminated by the lines 
PEpy 2Etfy were the reflecSted rays fuffered to proceed 
thither; but, before they arrrive at the focus, they are 
jeceived upon a plane refle6lor aci^y inclined at an 
angle of 45** to the axis C£; and thus an image, mn, 
is formed, fimilar and equal to pify and equally inclined 
to the plane rejfleftor (Art. 72); and eonfequently, mn 
is parallel to EC. This image is viewed through a 

conve:j^ 
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fronvex eye glafs >t/r, whofe axis is perpendicular to 
ECj and whofe diftance from the image i»/{, is equal 
to it's focal length *. 

If the refledtion be made at r, by a right angled 
prifm whofe fides are perpendicular to the incident and 
emergent rays, much lefs light will be loft, than if the 
refleftion be made bya plane fpeculum { Vid. Art. loi). 
. 326. Dr. Herschel has fo far increafed the focal 
lengths and apertures of his refledors, that the image 
^p can be viewed direftly, through an eye glafs placed 
between q and E. The axis of the telefcope is inclined a 
little from the objeft, that tlje image ^p may be formed 
near the fide of the tube which contains the refledor ; 
and the head of the obferver does not intercept fo many 
rays as materially to affecft the brightnefs of the image. 
. By this conftruftion, one refleftion of the rays is 
avoided ; and the ftrongeft, and moft efFediye pencils 
are preferved, which, in the Newtonian telefcope, arc 
flopped by the plane refledlor. 

\ ■ 

Prop. LXXIII. 

327. fF/ien a dijiant obje£l is viewed with Sir Isaac 

Newton's refie£ling telefcope^ the angle which it fubtends 

at the center of the eye^ is to the angle which it fubtends at 

the naked eye^ as the focal length of the refleSior^ to the 

focal length of the eye glafs. 

Let 2P be the object ; cjp it's image, in the prin- 
cipal focus of the refieftbr ; «w the image formed by 
refledlion at the plane furface acb-, 3 EC the axis of 
the telefcope^ cutting acb in c. Draw cnlO per- 

peadtcular 

• See Art. ayo, < 
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pendicu]artoC£i and at/ let a convex eye glafs klr be 

placed, whole focal length is In, and whofe axis coincides 




\ dec 



with that line; join ml. Then the image }im, which is 
equal co ^p, and correfponds to 2P Jn the objeft, is 
feen through the glafs klr, under an angle which is 
equal to mlii; and 2P is feen, "with the naked eye 
placed at E, under an angle which is equal to qEp % 
and fince thefe angles have equal fubtenfes nm, and 
tjp, they are to each other inverfely as the radii /», 
q E ; therefore die angle which the objeift fubtends at 
the center of the eye, when viewed with the tele- 
fcope : the angle which it fubtends at the naked 
eye :: Eq : In. 

328. Cor. I. The magnifying power of this tele- 

fcope is meafured by -j—. 

329. Cor. 2. To adapt the telefcope to nearer 
objefts, the reflector acB, to which the eye gla(s i& 
attached, muft be moved towards E. For, as QE 
decreafes, f £ decreafes {Art. 59); and therefore, that 
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f f, or £n may remain of the fame magnitude, acb 
muft be moved neater to E. 

330* Cor. 3. When the telefcopc i% ac^ufted ta 
nearer objefts, it*s magnifying power is cfiminifhed. 
For, Eq decreafes, and In is invariable; therefore? 

-7^ dccreafes. 
In 

331, Cor. 4. To adjuft the teiefcope to the eyt. of 
a (hort fighted perfon, the refleftor acb muft be moved 
towards C. For then the image tnn will be at a 
greater diftance from r, or nearer to the eye glafs; and 
therefore, the rays in each pencil, after refradion at 
the glafe klr^ will diverge. If the eye require con- 
verging rays, the refleftor acb muft be moved the 
contrary way. 

Prop. LXXIV. 

t 

332. ObjeSsy viewed with Sir Isaac Newtok*s 
telefcQp0y appear inverted. 

Let 2 P lie in the plane of the paper j and^ when 
the eye of the obicrver is applied to the glafs kr^ let 
the plane which pafifes through both his eyes, alfb 
roinci3e with the plane of the paper. Then^ the rays 
iyhich flow from P, the right fide of the objeft, coii- 
vergp to w, the left fide of the iaiage. Alio, the 
rays which flow from a point in the objeft, above 
the plan^ of the paper, converge to a point in the 
image, below that plane ; thus, the image w;i is in- 
verted; and fince it is in, or near to^ the principal 
focus of the convex lens through which it is viewed, 
it appears inverted (Art. 271). 

M Prop. 
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Prop. LXXV. 

333. To determine the fifld of view in Sir Isaac 
Newtoh's tele/cope. 

Join ^, k, the correfponding extremities o( the plane 
refledor and the eye glafs ; and let bk cut the image 





pifi in fn; take ^p equal to Hm^ draw pE, and produce 
it till it meets the objeft in P. 

Then, a fmall pencil of rays flowing from P, will, if 
ach bQ not fo large as to intercept them before they 
are incident upon the refledor ACB^ht reftefted at ^, 
to the extremity of the eye glafs, and refraded thence to 
the eye at X) ^ the point P will therefore be vilible. 
Alfo, this point is the ex^tremity of the field of view. 
For, if a point be taken in «w, farther from the 
axis of the lens than m^ any ftraight line drawn 
through it, will either fall without abj or without kr ^^ 
that is, no ray, belonging to a point in the objeft 
2P, beyond P, can be reflefted from ^^ ^ to the eye 
glafs. 

334. Cor. 
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334; Cor. In order that the field of view may be 
circular, acb muft be the tranfverfe feftion of a cone^ 
or cylinder, generated by the revolution of bki about 
the axis cl ; and therefore it muft be an cllipfe, whofe 
'major and minor axes depend upon the mature of this 
folid. 



On the Gregorian ^elefcope. 

335. In the annexed figure, ACB^ acb repreferit 
two concave fpherical refleftors, . a greater and a 



p 




(inailer, whofe axes ate coincident, and wliofe cohcave 
furfaces are turned towards each other; E and e^ their 
centers ; T, /, their principal foci, of which, T lies 
between e and /• In the middle of the larger refleftor 
is an opening) nearly of the fame dimeniipns with the 
aperture of the fmaller, to admit a moveable tube 
containing a convex eye glafs FGH. 

When the axis of the telefcope is difefted to the 
J)oint ^ in a diftint objeft 2P, an inverted image 
Tr, of this objeft, terminated by the lines 2£T;. 
PEVy is formed in the principal focu§ of the refle<ftor 
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AB. The rays which diverge thence, and fall upon 
the concave rcfleftor ac^, after refleftion, form an 
image f^, terminated by the lines Teij, Vep; which, 
becaufe T is between ? and /, is invcned with rc(peft . 
to Ty (Art. 88) ; or erea, with refpetft to 2 P. 

The rays are then received by the eye glafs FGH, 
whofe axis coincides with the axis of the telefcope, 
and whofe focal length is Gq j and therefore the image 
qp may be feen diftinftly. 

336. If the diflance Cf be dimioifhed, the diftance 
tq will be increafcd. 

For, as Cc decreafes, Tt decreafes, and Tt : te :: 
te : tq, in which proportion te is invariable j therefore 
tq increafcs *. By a proper adjuilment then, of the 
refleftors and eye glafs, the image qp may be formed 
in the principal focus of the lens FGH; or in fuch a 
fituation as may be neceflary for diftinft vilion (Vid, 
Art. 270). 

337. This telefcope may be adapted to nearer 
objefts, by increafing the diftance Cc. For, as 2P 
approaches towards E, 7"^alfo approaches towards E, 
or towards/; therefore the diftance iq increafes ; or 
q is nearer to the eye glafs than before ; which incon- 
venience may be remedied by increafing the diftance 
Cf (Art. 336). 

338. Objefts feen through this telefcope, appear 
ercd. For, qp is an creft image of Sf, and in, or 

near 

• Having givea the focal lengths of the rcflcflora, and the 
dilboce of J from T, the diftance of the refledlors may be found. 

Let Tt:=x; tt = 6; TC = ai Tq:=t. Then, x : t :: b '. 
* + (; therefore, x'-^ix=.i'; fiom which equation we oblMii 

- •*^^*' + "'"' .• and Cf = fl.t-i + ^. 
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near to the principal focus of the convex lens ■ \ 

through which it is viewed ; therefore it appears ere£t ] 

(Art. 271). 1 

339. As Co much has been fald upon the field of J 

view in other telefcopcs, the reader will find no diffi- j 

cijlty in determining it in this cafe. Join F, a, \ 

correfponding extremities of the fmall refledor, and j 

the e3'e glafs ; let Fa cut i^p, in f. Draw pe, and 
produce it till it meets TA' in V ; join f E, and 1 

produce this line till it meets the objeft 2P in ^ 

P; then is P the extremity of the field of view. For, 
if a f^B be drawn, the rays which flow from P, and 
fall upon the large mirror at B, after refleftion con- 
verge to F, and fall upon the refledor ach at a; 
thence they proceed in the direiftion apF, and are re- 
fracted to the eye in the direftion FO, which is parallel ' 
to^G*. But no ray, which belongs to a point in the 
objeft above P, can be rcfleifled from ac^ to the eye 
glafs FH. 

Since ^p is much nearer to the eye glafs than to the 
refleflor acl>, the field of view will depend more upon 1 

the aperture of the former, than of the latter. 



Prop. LXXVI. 
340. To determine the angle which im ohje^ fitl(tends 
at the center of the eye, when/een through Gregorie'i 
telejcope. 

The conflirudion being made as before, the angle 
under which QP is feen through the telefcope, is 

equal 
* Tliis is on Aippofition that aFB meets the reflcAor ^£ ; and 
that the ray FB, which is parallel to Ef, is not intercepted by the 
refleaoT ab. 

M3 
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equal to pGq; and the angle under which it is fcen with 
the naked eye, is equal to T£r. Now, when the angles 



rf^ ;^: 




are fmall, the A pGq : the i peq (TeV) :: eq : qG ; 
and alfo, the i TeV : the £. TEV :: ET ■ eT; 
hy comp. the JL pGq : the £. TEV-.: eqy.ET:qGx 
eT; that is, the vifual angle, when the objeft is feen 
through the telefcope : the vifual angle, when it is 
feen with the naked eye :: eq x ET ; qG x eT. 

341. Cor. Since Tt ; te :: eT : eq (Ait. 54) ; in- 
verfely, te : Tl :: eq : eT; therefore tex ET: Tt x 
qG :: eqxET : qGx eT { Alg. Art. 1 84) ; and the 
vifual angle, when the objeft is feen through ihe tele- 
fcope : the vifual angle, when it is feen with the naketl 

eye ;: tex ET: Tix qG :; 



qG 



: Tt. 



On Cassegrai 



i Tele/cope. 



342. In this telefcope, the fmaller refleftor, acl), is 
convex, and fo placed, that T falls between t and c. 
In other refpeifts, it is fiqiilar to tjie Gregorian telefcope. 
(See Art. 335). 

Let 
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Let GCEy the axis of this telefcope, be direfted to 
the point. 2 in a diftant objeft 2P; then, an inverted , 
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image TV^ of this objefl:, would be formed in the 
principal focus of the large refleftor, and terminated by 
the lines 2£T, PEV^ if the rays were fufFered to pro- 
ceed thither. But, before they reach the focus, they are 
received upon the convex refleftor bca ; and fince, by 
the conftruftion, TV f^lls between the furface r, and 
principal focus /, of this refleftor, an ere6t image qpy 
of TV^ is formed, and terminated by the lines e Tq^ 
eVp. This image is viewed through the lens FGH, 
whofe axis coincides with the axis of the telefcope, and 
whofe focal length is G^. 

343. The diftance of the image fp, from /, may be 
determined by the proportion Ti : ei :: et : tq. Alfo, 
by diminifhing the diftance Cc^ the diftance Tt is 
diminifhed, and finc^ ie is given, iq\% increafed. 

Hence it is manifeft, that by a proper adjuftment of 
the refieftors and the eye glafs, the image qp may be 
formed in the principal focus of the lens FGH; or 

M4 ^^ 
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in fucb a fituation, that the emergent rays may have 
a proper degree of divergency, or convcrgency, for 
tiie eye of the obferver. 

344. Objefts viewed through this telefcope appear 
inverted. For, the image ^p is ereift with refpofl to 
Tfy or inverted with refpeft to the objeft; and it is 
in, or near to the principal focus of the convex glafs 
through which it is viewed ; therefore the image upon 
the retina is ere<5t, or the objeift appears inverted (Art. 
271). 

345. The field of view may be determined cxaftly 
in the fame manner as in ihe Gregorian telefcope ; 
and the demonftration given in Art. 339, may be 
applied, in the fame words, to the preceding figure. 

This telefcope may alfo be adapted, in the fame 
manner, to nearer objefts; and the vifual angle is 
exprefled in the fame terms (See Arts. 337. 340J. 

0» tie divided ohjeH glafs Micrameter. 

346. This micrometer confifts erf a convex lens 
divided into two equal parts, C, D, by a plane 
which pafles through it's axis ; and the fegments 



are moveable on a graduated line CD, perpendicu- 
lar to that axis. Let C, D, be the centers of the 
fegments ; and P, 3, two remote objefls, images 6f 

which 




b. 
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which Will be formed in the lines PCE, QDE, and 
alfo in the principal foci of the fegments (Art. 209). 
Let the glaffes be moved till thefe images coincide*, 
as at £; then, the angle P£S, which the objefts 
fubtend at E the principal focus of C, or £), is equal 
to the angle which CZ), the diftance of the Cenjters of 
the two fegments, fubtends at the fame point ; and therfe- 
fbre, by calculating this angle, we may determine the 
angular diftance of the bodies P and 2, as fcen from £• 
Draw EG perpendicular to CD ; and, becaufe the 
triangle CED is ifofceles, CG = Gi), and the -^ 
CEG = the /. GED',\Ko, GD is the fine of the 
angle GED^ to the radius ED\ therefore, knowing 
£A and GD^ the angle GED may be found by the 
tables; and confequently iGED, or CED hiay be 
determined. 

347. The angle CED is in general fo fmall, that 
it may, without fenfible error, be confidered as pro- 
portional to the fubtenfe CD» And being determined 
in one cafe by obfervation, it may be foiand in any 
Other, by a fingle proportion. 

348. If the ohjefts beat a ^rz;^«/a//^ diftance, the 
angle PEQ will ftill be proportional to CD; for, on 
this fuppofition, the diftance C£, or DE, of either 
image from the correfponding glafs, will be invariable j 
therefore, the angle CED m\\ be proportional to CD. 

The divided objedt glafs is applied tjoth to reflefting 
and refrading telefcopes ; and thus fmall -angular 
diftances in the heavens, are meafured with great 
accuracy. 
• On 

• Two other images are formed^ an image of P by the fegment 
D, ^ aa image of ^ by the fegment C; but, as CD increafes, 
thefe images always receive from each other. 
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On Jingle Micro/copes. 

349. If tlie angle which an objeft fubtends at the 
center of ihe eye, when at a proper difloDce for diflinifl 
vifion, be diminillied beyond a certain limit, the 
image upon the retina is fo fmall as to convey to the 
mind only the idea of a finale phyfical point, not dillin- 
giiithable into parts ; refpefting which, therefore, no 
judgment can be formed by the fight, except what 
relates to it's colour *, If we endeavour to increafe 
the image upon the retina by bringing the objeft 
nearer to the eye, the extreme rays which enter the 
pupil will diverge too much, and the image become 
confiifed. If the extreme rays be flopped, to leffen 
the divergency of the pencils which are received by 
the eye, the image wil! be indiftiiift for want of light -f-. 
But if the objei5t be placed in the principal focus of a 
glafs fpherule, or lens whofe focal length is ftiort, it 
may be fecn diftinCtly i the vilual angle, as well as 
the quantity of light admitted into the eye, will be 
incrcafed ; and thus, the feveral parts, of what before 
appeared only as a .fmgle point, will be fiibje<5ted to 
examination. 

Theie glaflTes are cal]cd_/?ffjf/e AlkrofcQpes. 



Prop. 



• The lean vlfible part of an objeft does not fubtend at tlie center 
of the eye, an angle much lefs tiiiin 4'. A fingle, detached objcft 
i:'' percemble under an angle of about a'. Haiiia's Opt. p. lai. 
Jnrin's Eliay, in ^tilth's Optics, Art. 164. 

tVid. note.p, iji. 



t < 
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Prop. LXXVli. 

350, Th^ vifml angle q/ an objcEl whenfeen through 
a Jingle microfcope^ is to if$ vifual angle 'juohen viewed 
with the naktd eye at the leajl dijlance of diJiinSl vifiony as 
that leqft dijlance ^ to the focal length of the glafs. 

Let 2P fee an objeft placed in the principal focu^ 
of the Ici^s, or fpherule AEy whofe center is E i L2 




■ ^ .\j^ '« 



the leaft: diftance at which it can be feen diftinftlf 
with the naked eye.. Join LPy PE. Then, the 
angle under which the objedlL is feen through the glafs, 
is equal to PE2; and the angle under which it is feen 
with the naked eye, is 2LPy alfp, when thefe angles 
are fmall, fince they have a common fubtenfe 2P, they 
arcnearly^ii the iijverfe ratio of the radii £2, L2 j 
that is, the vifual angle when the objefl: is feen 
through the glafs : the vifua4 angle when it is feen 
with the naked, eye 2X the diftance L2 :: L2 : £2. 

Ex. If the focal length of the glafs be -^ of an inch, 
^d the leaft diftance of diftin6t vilion, 8 inches, the 
vifual angle of the object when viewed through the 
glafs : the vifual angle when it is feen with the naked 
eye j; 8 ; -j^:: 400 : i. 

In this microfcope, the obje6l; app^^rs ered (Art. 
471). 

». . 351- The 
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351. The folar raicrofcope is a fingle convex lens, 
tifed in the fame manner as in the naagtc lantern (Art. 
265). The. moveable tube i% adjufied to a bole in a 
window (butter i and the objed to be examined^ is 
ftrongly illuminated, and placed a little Buther from 
the lens than it's principal focus; an' inverted image, 
of the object is thus formed, at a confiderable diftance 
from the lens, and received upon a (creen placed at 
the toncourfe of the refn€ipd rays* 

The angles which the image aod objisdt (iibtend at 
the center of the eye, when viewed at the leaft difUnce 
of diftinft vifion, are proportional to their linear mag- 
nitudes, that is, to their diftances from the center of 
the ^afs *. 

On the double Microfiepe. 

352. The aftronomical telefcope, when adapted to 
near objedts, becomes a double microfcope. ^ 

QP is an objeft, placed a little farther from the lens 
MN than it's principal focus F-, qp the image oiUPp 




formed on the other fide of the lens, and at a con- 
fiderable diftance from L it's center. JEB is a con- 
vex eye glafs, whofe axis coincides with the axis of 

the 

• On the conftru^lion, and ufe of the folv microfcope, tlic reader 
may confult Mr. Adam's work, entitled * Eilays on the micro^ 
fcope.' 
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» ^ 

the lens MNy and whafe diftance from L is equal to 
the fum of Lq, and it's own focal length qE -^ confc- 
<jucntly^ the image qp is in the principal focus of the 
^ye glafs, and it may therefore be feen diftinftly by a 
(pedlator whofe eyes are able to colleft parallel rays. 

353. Since the conjugate foci, 2 and y, move ia 
the fame diredion upon the indefinite line 2L0 (Art. 
182), if the gla:fies be fixed in a tube, or attached to 
each other in any other way, by moving the objeA 
QPy the image qp may be brought into the principal 
focus of the eye glafs ; or into fuch a fituation, that thd 
lAys may, after the latter refraftion, have a proper de- 
gree of divergency, or convergency for the eye of the 
j^edator (Vid. Art 270)- 



Prop. LXXVIII. 

354, To^ compare the angle which an objeSl fuhtends ai 
she center of the eye when feen t /trough the Jouile ndcrc^ 
/cope J -with the angle which it fubtends at the naked eyi 
when viewed ttt theJeaft difiance of diftinR vifiou» 

Let qp (Fig. Art. 352) be the image of2P, formed 
m the principal focus of the lens AB^ and terminated 
by the lines 2Z*f, PLp. Then, the viibat angle will 
be increaled by the microfcope on two accounts; firft, 
becaufe the image qp is greater than the objeft; and 
fecondly, becaufe this image is feen under a greater 
angle when viewed through the glafe, than when 
viewed with the naked eye. Now, (uppofing 2-P and 
qp to . be viewed with the naked eye, at the lead 
diftance of diftindt vi^on, the vifual angle of 2 P : the 

vifual 
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vifual angle of qp (:: 2P : qp) :: QL : L'q. Alfo^ 
the vifual angle of f/), when thus viewed,: it's* vifual 
angle wheii feen through the glafs /tB :: f£ : the 
leaft diftance of diftind: vifion (Art. 350); therefore, 
by compounding thefe two proportions, the vifual.. 
angle of 2/^, when viewed with, the naked eye at the 
leaft diftance of difiinft vifion, : the vifual angle^ 
when it is viewed with the microfcope, :: QLxqE i 
Lq X the leaft diftance of diftinft vifion. 

355. When the glafies are thus combined, the 
objeft appears inverted (Art. 297). 

356. When a great magnifying power is not re-* 
quired, the objed is placed between the glafs MN 




ahd it*s principal focus ^ thus m ere<5t image ^p. ii 
formed, on the fame fide of the lens with the object ; 
and if Eq be the focal length of the- eye gla£ AB^ the 
image may be feen diftindly. 

The vifual angle may be determined as in the pre-^ 
ceding cafe. 

One advantage of this cpnftrudtion is a greater 
field of view. The objeft alfo appears ereft ; and 
Icfs confufion is produced by the fpherical furfaces 
of the glaflTes, than would be caufed by a fingle glafs 
with the fame magnifying power. 



Prop. 



» 



• 
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Prop. LXXtiJt. 

357. The denfity of rays in the bright part of the image 
tf a given objeSl^ formed upon the retina by arefiraSing 
telefcope^ or double microfcope^ varies^ nearly y as the aperture 
of the objeS glafs dire£ily, and the -area of the picture upon 
the retina irivetfely. 

The denfity of rays in the image, Varies diteftly 
as their number and inverfely as the area over which 
they are difFufed (Art. 7) ; that is, fuppofing the trans- 
mitting power to be given, and all the rays refrafted at 
the objeift glafs to be received by the eye, as the i^ea of 
the aperture of the objeft glafs direftly, and the are^ 
of the image upon the retina inverfely. 

358. Cor. I. The denfity alfo varies according to 
the fame law, when reflcftors are ufed ; but the effefts 
of refieftors and refiraftors are not here compared, 
becaufe a much greater quantity of light is loft in 
refleaion than^n refradion. 

359. Cor. 2. If jPand/be the focal lengthfe^of the 
objedt glals and eye glafe, and A the linear aperture of 
the objed glais, the denfity of rays in thepidure upon 

the retina vanes as ~-. 

For, the vifual angle of the obje<5t when feen with 
the naked eye : it'svifual angle when feen through the 
telefcope ::/: i^; and fince the objedt is given, tl^e 
firft term in the proportion is invariable ; therefore the 
vifual angle when the objedt is feen through the tele- 
fcope, or the linear magnitude of the image upon the 

retina. 
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retina> varies as -^ -, and. the area of the image, as 

F* 

— ; therefore, the dcnfity rf rays in that image, varies 

as -^. 

360. Cor. 3. In the fame manner^ if F be the focaj 
length of the objeft metal in the Newtonian telefcope, 
yi it's linear aperture, and/ the focal length of the eye 
■glafs, the denfity of rays in the pifture upon the retina, 

varies as -^r- 

361. The denfity of rays in the pidure upon the 
retina is ufually taken as a meafure of the apparent 
brightnefs ; though ftriftly fpeaking, apparent bright- 
nefs has no numerical meafure. 
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ft 

362, In explaining the conftruftion and eflcfts of ^ 
optical inftruments, we have fuppbfed the* images to 
be fimilar to the objeds, and accurately formed in the . 
geometrical foci of refrafted or refledted rays. Were 
thefe fuppofitibns true, telefcopes and microfcopes 
would be perfedl: ; no limit could be fet to their mag- 
nifying powers, but fuch as arile from the difficulty 
of forming fpherical furfaces of proper dimen- 
fions; and by their affiftance, objeds might be 
fee/) as diftindl}^ as if th.?y were viewed in plane re- 
flectors. The imperfedlions to which they are fubjeft, 
arife fiom two caufes ; The fpherical figure of the 
rcfleding and refrading furfaces; and the unequal 

refirangibility 
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f refrangibility of the different rays which conftitute the 

r body of light by which objefts are feen. 

T . When any points in an object are feen by oblique 
pencils, thac is, by fuch pencils as are not nearly per- 
pendicular to the refleiting, or refrafling furfaces, 
thofe points do not appear in the places determined by 

j the conftruftions and calculations, hitherto given*. 

»_ This will be eafily underftood by confidering the moft 
iimple cafe of refraftion. Suppofe AB to be a plane 




rcftaftlng furface ; PQR a ftraight line parallel to it j 
pqr the geometrical image of P2R, as determined 
Art. 193; O the place of the eye. Then, the ray» 
which flow from P, after rcfratSion at the furface jiB, 
are diffufed through all parts of the medium in which 
the eye is placed; and if thofe rays of the pencil, which 
pafs through O, diverge accurately from p, they enter 
the eye as if they came from a real ohje£t there j and 
* is the vifiik image of P; but, when the eye is at 
any confiderable diftance from the perpendicular 
PAZ, the point P is feen by an oblique portion of the 

general 
• The cafe of objc^ feea by rays leflefied at plane furfajcn U 
excepted. 

N 
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g^heral pencD, as PFO. Thofe oblique rays da not 
diverge accurately, from any point ; and therefore the- 
vifible image will be indiftinft. But, if x be the place 
where, if produced backwards, they occupy the fmalleft 
lj)ace, we may fuppofe this to be the vifible image of P^ 
ahd the curve which is the locus of Xj to be the vifible' 
image of the whole line PR *. Again, if a diftorted 
imag6 be formed by the pbjedt glafs, or refleftor of a 
tkltfcopCj difFereftt parts of it He at different diftancej- 
from the principal focus of the eye glafs ; and, if one 
part can be feen diftindly, the reft will appear con- 
fiifed. Inftead of fpherical furfaces, it has been 
propofed to adopt fuch as are generated by the revo- 
lution of the ellipfe, parabola, or hyperbola; but,, 
independent of the difficulty of grinding thefe furfaces, 
little advantage can be expedled from them, as each 
furfate, will only refleft, or refraft, thofe rays accu-, 
lately, which belong to one particular focus, and the 
aberrations, in other, cafes, will generally be greater 
than thofe produced by fuch furfaces as are of a fphe- 
fical form. 

4; Another, ahd more confiderable caufe of imper- 
feftion in optical itiftruments, is the unequal refrangi- 
bility of differently coloured rays. We have, in all 

our ' 






♦ There is confiderable difficulty -in detenmning the vij^le image 

tyf an objedl, when ieen by reflefted, or refrafted rays. In the 

{Receding caie, if wd fuppofe the impreffion to be made by thofe 

fays which are incident In the plane perpendicular to the r<?fradling 

furface^ the equation to the curve which is the locus ofx, rifes to 

.eight dimenfions. Jf we fuppofe the impreffion to be made hy 

' thofe rays which are equally inclined to the refradling forface, the 

vV^uation rifes to fear dimenfions, Vid. Nbwt. Left. Op. P. f. 

Prop.VUl , . ' ; 
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our calculations, fuppofed light to be homogeneal ; 
that, wfailffc it pafles out of one given medium into 
another, the fine of incidence bears the fame invaria- 
ble ratio to the fine of refradlion. But, Sir Isaac 
Newton difcovered that the common light by which 
objects are viewed, confifts of rays which differ both 
in tolour and refrangii?ilily ; and, that thofe rays which 
differ in colour, always differ in refrangibility ; that is, 
if the fines of incidence be equal, the fines ofrefradtion 
are different, though the mediums remain the fame. 
Hence it follows, that if the image of an objed be 

• diftinftly formed by the red, which ^re the leaft 
refrangible rays, at one particular diftance from a rer 
frador, a diflin^t image will be formed by rays whichi 
have a different degree of refrangibility, as the blue 
rays, a^ft different diftance from it ; thys, the r^ys of 
different'coldurs, which flow from the fame point, being 
collefted at different diftances from the refraflors, a 
confufed, and coloured image of that point, is necef- 
farily produced upon the retina; or upon any fcreen 
-^vhich receives the refrafted rays, 1 

We are now to confider, in what manner thefe 
imp'erfedions may, in fome degree, be Temedied. 
vA.nd we (hall begin with the latter, which'is of greater 

• importance, as the errors it produces are much more 
■jconfiderable than thofe which arife from the fpherical 
form of the furfaceS ; we may add moreover, that it's 
theory is more eafily explained, and it's effeds moife 
likely, to be correfted in pradice. 
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' ON THE ABERRATIONS PRODUCED BT 
THE UNEQUAL REFRANGIBILITr OF 
THE RAYS OF LIGHT; AND BY THE 
SPHERICAL FORM OF REFLECTING AND 
REFRACTING SURFACES. 



Prop. LXXX, 

363. 'T'HE fun's li^ht conjijli of rays wiich differ M 
refran^biliiy and colour. 

This important dtfcovery was made by Sir Isaac 
Newton, who defcribes the experiment by which it^ 
is cftablilbed, in the following words*. 

" In a very dark chamber, at a round hole, about 
one third part cf an inch broad, made in the fliut of 
a window, I placed a gkfs prifni, whereby the beam rf 
the fun's light which came in at the hole, might be 
refrafted upwards toward the oppofitc wall of the 
chatubcr, and there form a coloured image of the fun. 

Thft 
• Opt. B, I. P. I. Prop, n, 
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The axis of the prifin was perpendicular to the incident 
rays. About this axis I turned the prifm llowly, and 
(ivf the refrained light on the wall, or coloured image 
of the fun, firft to defcend, and then to afcend. 
Between the defcent and afcent, when the image 
(eemed ilationary, 1 flopped the prifm, and fixed it in 
that poftore, that it (hould be moved no more. For 
in that pofture, the refractions of the light at the two 
fides of the refraifling angle, that is, at the entrance 
of the rays into the prifm, and at their going out of 
it, were equal to one another *. The prifm therefore 
being placed in thb pofture, I let the refrafted light 
&il perpendicularly upon a ftieet of white paper at the 
oppofite wall of the chamber, and oblerved the figure 
and dimenfions of the folar image formed on the paper 
by that liglic. This image was oblong and not 
oval, but terminated with two reftilinear and parallel 
fides, and two (emlcircular ends. On it's fides it was 
bounded pretty diftindlly, but on it's ends very con- 
fufedly and indiftinftly, the light there decaying and 
vanlftiing by degrees. The breadth of this image 
anfwered to the fun's diameter, and was about two 
inches and the eighth part of an inch, including the 
penumbra. For the image was eighteen feet and an 
half diftant from the piifm, and at this diftance, that 
breadth, if diminillied by the diameter of the hole in 
the window-fliut, that is by a quarter of an inch* 
tubtended an angle at the prifm of about half a d^ree, 
which is the fun's apparent diameter. But the length 
of the image was about ten inches and a quarter, and 
the length of the reftilinear fides about eight inches; 

LantJ 
• Lea. Opt. P, r. Prop. XXV. 
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and the refrafting' angle of the prifm, whereby To 
great a length was made, was 64 degrees. With a 
lefs angle the length of the image was lefs, the breadth 
remaining the fame. It is farther to be obferved, that 
the rays went on in right lines from the ptifra to the 
image; and therefore, at their very going out of the. 
prifm, had all that inclination to one another from 
which the length of the image proceeded, that is the 
inclination of more than two degrees and an halfv 
And yet, According to the laws of optics vulgarly 
received, they could not poffibly be fo much inclined 
to one another. 

" For let F reprefent the hole made in the window- 
fliut^ through which a beam of the fun's light was 
tranfmitted into the darkened chamber, and ABC a 





'J^^ 



triangular imaginary plane* whereby the prifm is 
feigned to be cut tranfverfely through the middle of 
the light ; and let xy be the fun, MN the paper upon 
which the folar image or fpeftrum is caft, and PTthe 
image itfelf; whole fides, towards v and w, are 
tedilinear and parallel, and ends, toward, P and T, 
femicircular. yKHP, and x LIT art two rays; the 
firft of which comes from the lower part of the fun to 

the 
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tli€ higher part of the image, and is refraftecj in the 
.prifm at K and JI; and the latter comes from the higher 
part of the fun to the lower part of the image, and is 
refradted at L and /• Since the refraftions on botfe 
iides the prifm are equal to one another, that is ^p 
refiradion at K equal to the refiradion at /, and ik0 
refradtion at L equal to the refradion at i/, fo that 
the refradions of the incident rays at i^ and X taken 
together, are equal to the refradions of the emergent 
rays at H and / taken together ; it follows, by adding 
equal things to equal things,, that the refradions at K 
and H taken together, are equal to the refradions at / 
and L taken together ; and therefore the two rays, 
being equally refraded, have the farne inclination to 
one another after refradion, which they had before ; 
that is, the inclination of half a degree, anfwerjngto the 
fun's diameter. So then, the length of the image 
Pr would, by the rules of vulgar optics, fubtend an 
angle of half a degree at the prifm, and by confequence 
be equal to the breadth vw ; and therefore the image 
would be round *. Since then it is found by o:j^- 
perience that the image is not round, but about five 
times longer ^than broad, the rays which, going to die y 
upper end P of the image, fuffer the greateft refrac- 
tion, mClft be more refrangible than thofe which go to 
the lower end T. 

" The image or fpedrum PT was coloured, being 
red at it's leaft refraded end T, and violet at it's 
moft refraded end P, and ycllbw, gre^^.and blue Jn 
the intermediate fpaces." 

364. Tq 

P Vid. Lea. Opt. P. I. Sea. IV, fcfy 

^4' 
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364* To (hew that the unequal refrangibirity of the 
rays in this experiment, is not accidental, or owing to 
4iny new modification produced by the medium 
through which they pafs. Sir Isaac NEWrbN re- 
firaded the rays of each colour feparately, and found 
that they ever after retained both their colour and 
peculiar degree of refrangibility *. 

365. By an experiment fimilar to the former, it may . 
be (hewn that commpn day light confifts of rays which 
difTer in colour and refrangibility. 

For, if the round hole in the (hutter receive only 
light from the clouds, it's image, formed / by the 
prifm, will be oblong, and coloured as in the former 
cafe, 

366. Sir Isaac Newton, with the afTiftance of a 
perfon who had a more critical eye than himfelf, 
diftinguifhed the fpeftmm into (even prinjcipal colours, 
proceeding from the lefs to the more refrangible rays, 
in the following order ; red, orange, yellow, . green, 
blue, indigo, violet j of which the yellow and orange 
were found to be the moft luminous, and the next in 
ftrength were the red and green 5 the darker colours, 
cfpecially the indigo and violet, affedbed the eye much 
lefs fenfibly. 

3.67. If, by any method, the prifmatic colours be 
again united in the proportion which they have in thp 
Ipeftrum, they compound a white fun light ; and by 
]the mixture of different forts of rays, in different pro- 
portions, various colours are produced, according to 
the quantity and nature of the rays united 

^ Thus, 

f Newt. Optics, Part X. Exp. 6^ 
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Thus> a mixture of red and yellow produces an 
orange j yellow and blue form a green *, &c* 

368. From the former part of the laft article we 
may conclude, that if a ray of white light be refrafted 
through a medium contained by parallel planes wbofe 
diftance is inconfiderable, it will not, as to fenfe, be 
lepdrated into diftindt colours. 

For, the ray of each particular colour emerges 
parallel to the incident white ray; confequently, 
the emergent rays of different colours are parallel to 
each other; and fince the thicknefs of the medium is 
inconfiderable, they emerge nearly at the fame point, 
and therefore excite only the fenf^tion of whitenefe. 

Thus it happens, that objefts feen througjh common 
window glafs do not appear coloured «f. , 

369. Thie fame may be faid, if the emergent rays, 
aftet feveral refraftions, be parallel to the incident 
white ray, and the points of emergence nearly coincide. 



Prop. LXXXI. 
370. Tie more refrangible rays are more refiexible*. 

A ray of light cannot, confiftently with the general 
law of refraftion, pafs out of a denfer medium 
into a rarer when the fine of incidence exceeds the 
liipit determined by this, proportion, fin, refraftion : 
fin. incidence ;: radius : fin, incidence, which is the 
limit fought (Art. loi); therefore, the greater the 
ratio of the fine of rcfraftipn to the fipe of incidence, 

• Newt. ppt. P. I. Prop. iV. 

t Vid. Niwr, Lea. ©p. P. U. Scft. iV^f: 
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the lefs will this limit be; and^^ confequemly^ the 
fooner will the rays be refleded K . ' 

Prop. LXXXH. " 

371. If a fmall cylindrical beam rf white light pafs 
nearly perpendicularly out of common glafs into air^ the dif- 
person of the differently coloured rays is about ^^ of tie 
mean refraHion. < 

Let a fmall beam of the fun*s light be refradled by 
a glafs prifiDy in the manner defcribed (Art. 363); and 
let PTreprefcnt the (jpedtrum, divided by lines which 
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arc perpendicular to it's parallel fides, and drawn 
through the confines of the feverai colours. Alfo, let 
cby bcy cdy de, ^f^fgyg^h be the fpaces occupied by 
the red, orange, yellow, green, blue, indigo and 
violet rays, refpedively ; then if the whole length ak 
be reprefented by unity, ab is found to be |; /zr=^; 
^^=T> ^^ = i5 ^/=T> ^^=tS and thefe are nearly 

proportional 

• This propofitiori may alfo be proved by expertecnt. Newt; 
ppL B. L P. I. Prop. HL 
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proportional to thQ differences of the fines of refraftion 
of the differently coloured' rays, to a common fine of 
incidence. 

Now, when the rays pafs out of glafs into air, if the 
commoti fine erf" incidence be reprerented by 50, the fines 
of refraftion of the extreme red and violet rays are found 
to be 77 and 78 refpeftively*; therefore the fines 
of refraftion of the other rays, are 77-J., 77^, 774., 775. 
77^, 77^». That is, the fine of incidence of any red ray, 
is to the fine of refraftion, in a ratio not greater than 
that of 50 : 77, nor lefs than that of 50 : 774.; but 
varying, in different fhades of red, through all the 
intermediate ratios. In the fame manner, the fines of 
refraftion of all the orange rays extend from 77-J. to 
774-, &c. the rays which are ia the confines of the 
^reen and blue, have a mean degree of refrangibility, 
and the fine of incidence of thefe rays, is to the fine 
. of refraftion, as 50 to 77I. 

When the angles of incidence and refraction are 

fmall, they are nearly proportional to their fines ; and 

confequently, if the common angle of incidence be 

reprefented by 50, the deviation of the violet i;ays.is 

78 - 50, or 28 J the deviation of the red rays is 77 - 

30, or 27 J therefore the difference of thefe, or die 

angle through which the rays of different colours arc 

difperfed, is 4t ^^ *^^ deviation of the red rays, Vt of 

I 
the deviation of the violet rays, and — -, or J^J. of 
• 27I ^* ' 

the deviation of the rays of mean refrangibility, from 

their original courfe. 

372. The 

♦ J(fcwT. Opt. P. L Prop. VII. 
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372. The angle through which all the red rays are 
(Jifperfed is 4. of -^y or ^-^ of the mean refradlion, &c. 

373. In general, if the fines of refraftion of the red 
and violet rays^ in their pafTage out of any given 
medium into air, he i+m a!nd i+n, to tne common 
fine of incidence i, then, when the angles of 
incidence and refraction are fmall, the difperfion of 

the rays is an di part of the refraftion of the red 

rays> and fince m and n are invariable^ this exprellion 
may be properly taken as the meafure of the difperfiug 
power of the medium. 

374. Whilft the refrafting mediums are the fame, 
a given refradlion of the mean rays is ulway^ attended 
with the fame difperfion, which may be d^ftroyed by 
an equal refraftion in the oppofite direftion (Art. 29). 
But if the latter refradtion fall Hiort of the former, the 
di(perfion will not be wholly correded y if it exceed 
the former, the ditperfion will be the contrary way ; 
that is, the order of the colours will be changed ; and 
no refraftion can finally be produced by 'mediums pf 
the fame kiAd, without colour. 

375. Mr. DoLLAND, an eminent optician in Lon- 
don, difcovered*, about the year 1757, that different 
fubflances have different difperfing powers ; that the 
fame difperfion may be produced, or correded, by a 
lefs refraftion of the mean rays in one cafe, than in 
another j and thus refraftion may, upon the whole, be 
produced without colour. 

Prop. 

« 

• The difcovcry has been afcribed to otkm; Mr, Doi.lanii 

was the firft who made it public. 
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Prop. LXXXHI. 

31 6b' Havdtg given the refraSing powers of tW9 
mediums^ to find the ratio of the focal lengths of a convex 
*and concave lens^ formed of thefe fubftances^ which ^ when 
unitedj produce images nearly free from colour. 

Let I +m : i, and i+n i i be the ratios of the 
fines of incidence and refradtioii of the red and violet 
rays out of air into the convex lens; i +p : i, and 
i+q : I, the ratios of thofe fines, out of air into the 
concave lens; jP and/ the focal lengths of the lenfes, 

II 

for red rays. Then - : - r: i^ : the focal length of 
^ m n ° . 

the convex lens for violet rays (Art. 169)} therefore^ 



u- 




the focal length of the convex lens for violet rays is 

— -; in the fame manner it appears, that— is the 

focal length of the concave lens for violet rays. Let 
AC be the compound lens; Eq it's focal length for red 
rays; Ev it*s focal length for violet rays. Then/- 

F:/::F:£ajand^-^:^i::^:£t;(Art, 

•^ ^ q n . q n ^ 

184) ;, hence £y=^, and £^=-^£|l-; and 

when Ev^Eq, the red and violet rays, after both 

xefraftions. 
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refract ions, are collefled at q, or v. In this cafe, 
Ff mpFf , p r 

whence p . n-^m . f^tn . q-^p . F; and F : f :: 

> — r^ n — mq — p ^. . -^ 

p . «— /« I m . q— p V. : ^ — ^. That is, the 

"^ ^ ^ m p. 

focal lengths are proportional to the difperfing powers 

of the two mediums. If the intermediate rays be dif- 

perfw according to the fame law by the two mediums, it 

IS roanifeft that the focal length of the compound leqs, 

for thefe colours, will be Eq or Ev j and thus the 

image of a diftant objeft will be formed in q or ^^, Free 

from colour (Art. 367). 

When the rays of different colours proceed 

from a point at a finite diftance^ froni this compound 

Jens, -ufter refraftiori they will converge to, or diverge 

from, a common focus. For, the diftance of the 

focus of refrafted rays of any. colour from the Jens, 

depends upon the focal length of the lens, and the 

^ dillance of the focus of incident rays from it (Art. 
lyy); and fince the latter quantities, by the fuppofi- 

. lion, are the fame for rays of all colours, the diftance 
of the focus of refradted rays from the lens, is the fame; 
'and thus, the image of an objeft nt any finite diftance 
from the compound lens, will be free from colour. 

_ T ^ 

377. Ex. In crown, or cortirtion glafs, 1+^== 
I .*^x\ and i+«=i . 56. In flint glafs, i+/> = 
I . 565 ; and i + f = i . 595*; therefore the 

difperfing 

- • The refradling and difperling powers of diiFerent kinds of gl^s 
are exceedingly various ; and thp caufes upon which they depend 
are but imperfeftly underftood. See Dr. Blair's experiments on 
this fubje^l^ in the Edinburgh Tranfi^^ons, Vol. III. 
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difpcrfing power of common glafi : the difperfing 

powerof flint glafs :: - — - : ^— — :: 2 x ^6^ : 3 x 540. 

To form a compound lens of thefe fubftances which 
ftiall produce a real image of a difliant objed:, 
aearly free from colour, the convex lens muft have the 
greater refrading power; and therefore it mufl: be made 
of common glafs, which has the lefs difperfing power. 
In this cafe, F :/:: 2 x 565 : 3 x 540 ;: 7 : 10, nearly. 

The focal length of the compound lens, ^ ^^ 

: loF ' 

3 

378. Cor. I. If the greater refraftion be produced 

by the concave lens, it's focal length : the focal length 
of the convex lens :: 7 : jo, neatly; and the rcfrafting 
power of the compound lens correfponds to that of a 
fingle concave glafs. 

379. Cor. 2. It is found by experience, that the extreme 
and intermediate rays are not dilperfed by crown and 
flint glafs, according to the fame law; therefore, thougfx 
the red and violet rays are united by the compound 
lens above defcribed, yet the intermediate rays are not 
colleded at the fame point; and confequenrily, the 
images form.ed are not entirely free from 'colour. 

The difcovery of two forts of glafs, which (hall 
difperfe the extreme and intermediate rays in the fame* 
proportion, is flill a defideratum in optics. 

To form tlve mofl: diftindl image, the lenfes ought 
to be fo adjufted as to colleft the brightefl:, and 
ftrongeft colours, the yellow and orange. 

380. Cor. 
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380. Cor. 3. By a method fimilar to that employed 
in the propofition, two compound lenfes, which collect 
the extreme rays, 'but difperfe the intermediate rays in 
different proportions, might be fo adjufted as to coIIeA 
rays of three different colours, exadly; but the ad- 
vantage thus gained, would probably not compenfati. 
for the lofs of light, 

381. Cor, 4. Inflead of a fingle convex lens, two 
are frequently employed, one on each fide of the 
concave lens, which, when combined, have the (ame 
focal length with the fingle lens for which they are 
fubftituted. This conftruftion leffens the aberration 
arifing from the fpherical form of the refrafting 
furfaces. 

Prop. LXXXIY. 

382. Having given the aperture of any lens^ Ji^gl^ or 
compound^ and the foci to which rays of different colours ^ 
belonging to the fame pencil, converge, to find the leqft circle 
if aberration through which thefe rays pafs. 

Let 2Cv be the axis of the lens; AB^ or zAC it's 
linear aperture; q and v the foci of differently coloured 
rays. Draw Av, Bv ; Aqb, By^i; join a, b the points 
of their interfedion, and let ab cut the axis QCvy in c. 

Then, in the fimilar and equal triangles ACv, BCv^ 
Av=^Bv; and the cAvC = the ^ CvB. In the 




lame manner^ the L AqC =:t\ic L BqC, or the Lbqcy=s 

the 
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the ^0qci therefore, in the triangles iijl;, bqvy the 
angles avqj aqv arc refpeftively equal to the angles 
bvqy iqv, and qv is common to both triangles, con* 
fequently ^y is equal to iq. Hence it follows, that 
the triangles yiqBy aq/^jSis alfo the triangles JqCy bqCy 
*'are fimilar, and that ab is perpendicular to 3,cvi 
; therefore ab\^ the diameter of the leaft circle of aber- 
ration, into which the rays converging to q and v are 
colleded. 

Now, from the fimilar triangles AqB^ aqb^ AB' : 
ab :: Aq x qb\ and from the fimilar triangles ^C^, 
bqcy Aq \bq wCq \ cq-^ therefore AB : ab :: Cq : cq. 
In the fame inanner, AB \ ab w Cv : cv, therefore 
AB : ab :: Cv + Cq : cv + cq (Cv-Cq). 

383. Cor. I. When the ratio of Cv to Cq is given, 
ab varies as AB ; and the area of the leaft circle of 
aberration varies as AB*. 

384. Cor. 2. Let parallel rays fall upon a fingle 
lens of crown glafs, to compare the linear aperture of 
the lens, with the diameter of the leaft circle into 
which all the rays, of different colours, are colleded. 

Here i +m : i :: i . 54 : i ; and i+« : i :: 1.56 
; I (Art. 377); and Cv : Cq :: 56 : 54 (Art. 169)5 
• therefore, Cv-^-Cq : Cv-Cq :: no : 2 :: 55 : i ; 
that is, AB : j^ :: 55 : i ; or the diameter of the 
leaft circle of aberration into which the extreme rays, 
and confequently all the intermediate rays, are collefted, 
is ^ part of the linear aperture. 

Prop. LXXXV. 

385. fVJien a ray of light is incident obliquely upon a 
fpherical refleEtor^ to determine the interfeSlion of the re* 
JleEled ray and the axil of the pencil to which it belongs. 

O Let 
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Let ACS be the fpherical reflcftof ; JB it's center j 
QA a ray incident obliquely upon it ; QET the axis 




of the pencil to which the ray belongs. Draw A T, 
touching the arc JCB in A^ and let it meet ST'in Tj 
bifeft^r, £C, in e and Fi take q the geometrical 
focus, conjugate to 2; and let S^ be refleded in the 
direction Ax. 

Then, 2F : FE :: 2E : £f j 

and 2F+Fe : F£+i^^ :: 3E : JBa? (Art. 54); 

therefore £f = —^p- , and £^=-____, 
whence, by aftual divifion, Ex = ^-= + 



2jE* X i^^ 



QFx2F + Fe 



2F 
2ExFE S£* ^ 
— gF "*■ WF" ^ ' ^^^^^ * 

therefore jEa? - Eq—qx=^Qp=x Fe^ nearly. 

Alfo, fince ET^zEcy and EC^zEF, CT, ot 

ET- EC = 2,Fei confequently, qx r= ^-= x — 

nearly. 

386. This quantity, qXy is called the longitudinal 
aberration of the oblique ray 2A^ 

^ 387. Cor. 
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387. Cor I. Since the expreffion ^-^ x Fe has 

always the (ame fign. Ex is always greater than Ef. 

388. Cor. 2. Draw JD perpendicular to 2C, and 
produce it till it meets the furface in S; join y/C, CB. 
Then, the Z- TjIC = the Z. CBA = the Z. D^C, and 
Ci) : CT:: AD : -/rfT(Euc. 3. 6); and when the arc 

^JiG \s evanefcent, AD is equal to ATi therefore, 
CD = CTi and the lon^tudinal aberration jx =a, 
a& CD 

s/^ "^ 2 • 

389. Cor. 3. When 2A is parallel to 2C, QE 

CD 
becomes equal to 2Fj and qx^ . 

390. Cor. 4. If S, when in FEy or in FE produced, 
approach to E^ the ratio of S£ to 2F decreafes; 
and therefore, if CZ) be given, the aberration decreafes. 
If S be in FC^ or FC produced, as 2 F decreafes, the 
aberration increafes. 

391. Cor. 5. If the diftances 2E and 2Fhc inva- 
riable, the aberration varies as CD. 

392. Cor. 6. Let CM be the diameter of the re- 

. fleftor ; then, by the property of the circle, CD : 

DA^ 
DA : : DA : DM, and CD = ^^ ; therefore, when 

CD is very fmall, or jDAf nearly equal to. the diameter 
of the given refleftor, CD varies as DA*^ nearly ; and 
confequently, when 2Ey 2F are given, and the arc 
^C is very fmall, the longitudinal aberration v^es 
as^>. 

393. Cor. 7. When parallel rays are incident upon 
the reflector, the longitudinal aberration is ultimately 

o 2 equal 
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equal to 



CD DA" DA* DA* 



It vanes as 






; and therefore 



EF* 



Prop. LXXXVL 

394. If paraUel rays be refleEleii at a concave y and 
afterwards fall upon a convex fpkerical refeSlor^ converge 
ing to a pint between ifs fur face and principal focus ^ as 
. /« Cassegrain*s telefcope^ the aben-ation of the lateral 
rays produced by thejirjl refeSlion, will, infome meafure^ 
be corrected by the latter. 

Let ecC be the axis of the teleffcope ; x the intcr- 
fedtion of the axis and lateral ray after the firft reflec- 




tion ; y their interfedion after the fecond refledion ; 
q the geometrical focus after both refleftions. 

The place of y^ with refpeft to f , will be afFeded 
by two caufes; i ft. at is nearer to c than F, the geome- 
trical focus after the firft refleftion (Art. 387)1 and 
therefore, on this account, yc \% lefs than qc (Art. 
59) ; 2dly. in confequence of the aberration arifingfrom 

the 
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the form of the refleftor ach^ yc is greater than qc 
.{Art. 3.87); therefore thefe caufes counteract each 
other \ and, by a proper adjuftment of the refleftors, 
the aberration qy may, in a great meafure, be deftroyed. 
395. Cor. I. 'Though the aberration qy^ of the 
extreme ray DA^ (hould be wholly deftroyed, the 
aberration of the intermediate rays will not be entirely 
correfted ; and this feems to be an infuperable obftacle 
to the perfeftion of refledting telefcopes. 
. 396. Cor. 2. If the refledors be both concave, as 
in Gregorie*s telefcope, the aberrations produced by 
the two refleftions are in the fame diredion ; that is, 
the fecond refledion increafes the aberration produced 
by the firft. 

Pro?. LXXXVII. 

397. When a ray of homogeneal light is incident oh-- 
liquely upon a fpherical refraRing furface^ to determine the 
interJeEtion of the refraEted ray and the axis of the pencil 
to which it belongs. 

Let ACB be the refrador; E it's center; QA z, 
ray incident obliquely upon it; 2Cq the axis of the 




pencil to which QA belongs; .^x the refraded ray; 

03 ^ the 
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q the geometrical focus, conjugate to 2. Draw AD 
perpendicular to the axis ; and from the centers Q, x^ 
with the radii 2 J, x/iy defcribe the circular arcs jiF^ 
JP, cutting the axis in F and P. Take m+i ; i :: 
fin, incidence : fin. refraftion. 

Then,. in the triangle 2-rf£, QE : QA :: fin. incU 
dence : fin. Z. AEQ-y alfo, in the triangle AEx, Ax : 
Ex :: fin. jL AEx (fin. L AEQ) : fin. refradtioni 
therefore, by compounding tbefe two proportions, 
QExAx : 2A X Ex :: fin. incidence :^fin. refrac- 
tion :: m+i : i ; hence m+i . 2 A : 2E :: Ax : 
Ex; by divifio n^ m + 1 . 2A'-2E : 2E :: Ax^-Ex : 
Ex*; that is, m + i . 2V--2E : 2E :: EP : Ex;- 
or m+i . 2C+m+i . CV^ 2E : 2E :: EC^-CP: 
Ex;otm.2C'-EC+m + i.CF : 2E :: EC-^CP: 
Ex. 

Now, DC xjaF :: Sr: EC :: 2C : £C, nearly; 
and by compofition, DC : C^:; 2C : 2 £; therefore, 

when the arc AC is fmall, CV ^' — ^j; — . Alfo, 

DC : DP :: Ax :EC; by divifion, DC : CP :: Ax : 
Ax-'-EC :: -/^^f : fi^r :: w + i . 2C : 2-E, nearly; ^ 

therefore CP=^===— — , nearly. And, by fubfti- 

w+i.2cr 

tuting thefe values of CF and CP in the former pro- 
portion, we obtain »^ . 2C-.£C+^^^:tll|^iL^ : 

2E 

• In this inveftigation of the aberration, diverging rays are fup- 
pofed to fall upon a convex fpherical furface of a denfer mediunf^ 
and to converge after refradUon. The other cafes may be derived 
from thi§> by a proper attention to the fymbols. 



QE :: EC- 
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QEx DC 



EC- 



m + i.2C 
3Ey DC 



815 

: Ex-f hence, Ex = 2E x 



m+i.2C 



m .2C-EC+ 



m + i .2E X DC 
2C 



i and byaftually 



dividing, and taking the remainder. Ex = 

»».2£* 2C+m+z.EC ^^ 
X - _ _ ^. X DC, 



2ExEC 



m.2C-EC m+i.2C 

nearly. When DC •vanittics. Ex ^Eq= ^fn — wr» 



m.2C-ECf 

2EkEC 



' therefore the aberration qx 



•m.2E* 



m+ I . QC 



»>-» 



SlC+m+2.EC 



xDC. 



m.2C-'EC] 

398. Cor. I. If the refraftor be given, and the 
fituation of the focus of incident rays, the aberration 
varies as DCy the verfed fine of tjie arc jiC. 

399. Cor. 2. When the incident rays are parcel, 

DC 
QC becomes equal to 3£; and qx= — m. 

m . m+i 

400. Cor. 3. When diverging rays are incident 
upon a concave fpherical refradiing fur&ce of a denfer 




^ 3 



medium, the conftru6tion being made as before, EC 

04 . and 
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and DC are negative j whence, Exz=z j— — ^7;+' 



m+i.QC m. 2C+ ECY ^ 

m.QE^ QC-m + x.EC ^^ ... . 
■' =• — — - X •*5===r====s=====:rr- X DC', this aberratiOH, 

therefore, is to be meafurcd in an oppofite dircftion 
to the former. 

401. Cor. 4. In this laft cafe, i£QC=im+2 . EC, 
the aberration vanifliesj that is, if 2C : £C :: w+2 ; 
I, or QE : EC :: m+i : i :: fin. incidence : fin. re« 
fradtion (Art., 155), 

^ 402^ Cor. 5. When converging rays are incident 
vpon a concave ipherical furface of a rarer medium. 




s <i 



2C, 2Ey EC and DC are negative. Alfo, if i - /* :, 
I :: fin. incidence : fin. refraftion, — p muft be 

QExEC t^.QE" 



fubftituted'for w, and£x = 



,^.2C+EC r^.2C 

IA.2E* 



2C+2-'i^.EC ^^ , ^.^ 

^ 7.2c+Ecr ^ ^^' ^^'^''^ ^' =t€i: 

2C+2-fj^.EC 



/*.SC 



403. Cor. 
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403!. Cor. 6. When diverging rays are incident 
upon a convex fplierical furface of a rarer medium, 




<2 f? '^ 



^\... 



^ QExEC . . fA 






DC; therefore the aberration ax^^ -= • ' ^^ x 

I - /* . ^C 



QC+z-^fj^.EC 



xDC. 



l^.2C+ECy 
In the fame manner, the aberration may be found 
in the other cafes. 

404. Cor. 7. Since i3C=— 73;, nearly (Art. 392)f 

by fubftituting this value of DC in the foregoing ex- 
preffions, we obtain the aberration in terms of the 
femi-aperture. 

QExEC 



405. Cor. 8. Since Eq = - 



, if QE be 



m.QC-EC 
diminifhed by the fmall quantity x, Eq wilLbe in- 

creafed by the quantity . For on this 

tn . ilC — EC) 



fuppofition, E q becomes 



2E-X.EC 



QE-x.EC 



m . 2C- x-^ EC 
QExEC . m+i .EC* XX 



+ ■ 



m. QC-EC-mx m . 2C~£C ^^TSC^TfiC)*' 

nearly i 



i 
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nearly 5 and therefore 



pi+i . EC^xx 



v»' 



where x is the 



m.QC'-ECy 
decrement of 2£, i^ the increment of Eq, nearly. 

406. Cor. 9, If X vary as JDC, the increment of 
Eqy when the radius of the refraftor and the fituation 
of the focus of incident ray^ are given, will alfo vary 
asjDC. 

407. Cor. 10. By a proper application of the fore* 
going rules, the longitudinal aberration, arifing from 
the fpherical form of refrading furfaces, may be found 
in all cafes where the apertures are fmall. 

Ex. Let Sy be the axis of a lens; 2 the focus -of 
incident rays ; q the geometrical focus after the firft 
refraftion, determined by Art. 147 ; v the geometrical 




focus of emergent jays (Art. 176). Alfo, let 2 J be 
refraded, at the firft furface, in the direction Jxj and 
emergent in the direftion Jy. Then, the aberration 
vy arifes from two caufes; ift. x does not coincide 
with the geometrical focus j (Art. 397); and fince v 
is determined on fuppofition that q is the focus of rays 
incident upon the fecond furface, an aberration will be 
produced, which may be determined by Art. 405. 
zdly. Jx is incident obliquely upon the latter furface, 

and 
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and the aberration arifing from this caufe may be de- 
termined by Art. 402; therefore the whole aberration 
vy niay be found. 

408. Gor. II. If the lens and place of the " 
focus of incident rays be given, the aberration arifing 
from each of thefe caufes will vary nearly as AD^ 
(Arts. 397. 406. 404); and therefore the final aber- 
ration vy^ which is the fum or difference of the 
former, will alfo vary nearly as AD*". 

409. It is not confiftent with the plan of this work 
to enter farther into thefe calculations; perhaps too 
much has been fald already. The reader will find 
little difficulty in the application of the principles, if 
he wifh to deduce praftical rules for the conftrudtion 
of objeft glaffes. Thus much it may be proper to 
obferve, that the aberrations produced by a convex 
and concave lens are of contrary afTedlions, and tend 
to correft each other; by a proper adjuftment there- 
fore, of the radii of the furfaces, a compoiSnd lens 
may bfe conftrudted, which will entirely deflroy the 
aberration of the extreme rays *. 

We may alfo obferve, that the aberration is lefs, 
when two furfaces, or two lenfes of the fame kind are 
employed, than when the fame refra£iion is produced 
by a fingle furface, or lens of the fame defcription, and 
equal aperture. 



Pro?. 

• This fabjca is treated with great ability in the Encyclopaedia 
Britannica, under the head Tclcfcopes. 
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Prop. LXXXVIII. 

410. To find the leqft circle of aberration into which 
all the homogeneal rays of the fame pencil^ refra£ied by a 
lens or fingle furface^ are colleSied. 

Let AB be the refraftor; 2Cy it's axis; 2 the 
focus of incident rays 3 T the interfedion of the ex- 




±9 



trcme ray QAT^ and the axis; / the interfe&ion of 
any other ray 2a t, on the other fide of SC, and the 
axis; y the interfedion oi ATy and at. Draw ADy 
ady and j'^ at right angles to 2Cy ; then, if the point 
a move from C towards By the perpendicular xy will 
vary on two accounts ; the increafe of the angle 
C/tf, and the decreafe of the diftance T/; and when 
xy is a maximum, all the rays incident upon the 
fame fide of QC with Qa^ will pafs through it; 
and if the figure revolve about the axis 2y, all the 
rays incident upon the lens will pafs through the circle 
generated by xy. It is alfo manifeft, that the circle thus 
generated, is lefs than any other circle through which all 
the refiradled ray§ pafs. To find when xy is the greateft 
poflible, let Txz=zxi ad=^v\ AD = a; DT=f; 
7} = ^. Then, fince AD^ ady when the lens isL 
tfiio, are the femi-apenures through which the rays 
Sw<r, Qai pa6, AD* : ad" :: qT : j/ (Art. 408); 

or. 
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or, tf* : t;* :: b : qty whence 9/ =— r ; therefore Tq - 
9/ = T/ = *-^ = 4x^'^-^- Again, DT : Z>^ :: 

Tjtf : xy, or,/ : ^ :: a? ; xy, confequently, xy=z — i 

^ ax , 

alfo, da : dt :: xy \ tx\ oXyV i f :: -j : tx\ there- 

fore /AT =— ; hence, Tx +xi=Tt=:x + — = - x 
<u V ' a 



X 



a^ — v^'j or, -x a + v^-^ x a + vxa — v, and x = 

V a 

L 

--^xvxa-'V; confequently, x is the greateft poffible, 

and therefore xy is the greateft poffible, when vx a^-v. 
is the greateft poffible; or when v = |^?. Hence it 

L 

follows, that the greateft value of x is - ; and the 

4 

- • . , r ^^ DAx qT 
correlponding value o\ xy=^— z= tyT' 

411. Cor. I. If the focal length of the refrador, 
and the focus of incidence, be given, JDT is given, 
zxidxyocqTx DAocDjP (Art. 408). 

412. Cor. 2. On the fame fuppofition, the area of 
the leaft circle of aberration varies as -Dy^*. 

413. Cor. 3. Exaftly in the fame manner, we^may 
find the leaft circle into which a pencil of rays, re- 
fieAed by a fpherical furface, is coUefted. 

414. Cor. 4. When parallel rays. are incident 
upon a {pherical refleftor, the longitudinal aberration 
varies diredly as the fquare of Ihe femi-aperture, and 

inverfely 
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inverfely as the focal length (Art. 393);^ therefore, xy 
the radius of the lead circle of aberration, varies di- 
redly as the cube of th^ femi-aperture, and inVeffely 
asf the fquare of the focal length of the refledtor, 

Pi^op. LXXXIX. 

415. The area of a circle of aberration in the image 
formed upon the retina by a telefiope^ or double microfcope, 

varies direSlfy as th^ area of the circle of aberration in the 
focus of the eye glafs^ and inverfely as the fquare of the 
focal length of the eye glafs. 

When the circle of aberration is in the principal 
focus of the glafs through which it is viewed, it*s 
vifual angle is equal to the angle which it fubtends at 
the center of the glafs ; and therefore, the linear mag^ 
nitude of the circle of aberration upon the retina, varies 
as thii angle (Art. 254); that is, it varies diredly^as 
the linear magnitude of the circle of aberration in the 
principal focus of the glafs, and inverfely as the , focal 
length of the glafs ; confequently, the area of the 
circle of aberration on the retina, varies direftly as the 
area of the circle of aberration in the focus of the eye 
glafs, and inverfely as the fquare of the focal length of 
the eye glafs. 

416. Cor. I. In a reflefting telefcope of Sir Isaa^ 
Newton's conftrudion, ifF be the focal length of 
the refleftor, A it's femi-aperture,/ the focal length of 
the eye glafs, the radius of the circle of aberration in 

it's principal focus, varies as-T;^ (Art. 414)^ and there- 

fore 
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fore the area of this circle varies as ^ ; confequently, 
the area of the ci/cle of aberration on the retina, varies 

as yyi. 

417. Cor. 2. The area of the circle of aberration 
on the retina, has ufually been confidered as a meafure 
of -the apparent indiftinftnefs of vifion. And, though 
it is manifeft that indiftinftnefi admits of no numeri- 
cal reprefentation *, yet if the circle of aberration be 
the fame in two cafes, caeteris paribus, the indiftind- 
nefs will be the lame ; and if the circle of aberration 
be greater in one cafe than in another, the indiftin<9:- 
nefs will alfo, c^eteris paribus, be greater. For, the ' 
rays which proceed from one point in the objeft, are 
difFufed,over the circle of aberration, and confequently 
they are mixed with the rays which belong to as many 
different foci as there are fenfible points in that circle ; 
therefore, the greater the area of the circle, the greater 
muft be the confufion, or indiftindnefs arifing from 
this cjilperfion of the rays. 



Prop. XC. 

418. To find on what fuppojition a given dijlant objeSl 
appears equally bright^ and equally diJlinSly when viewed 
With different refieSting tele/copes of Six Isaac Newton's 
conftru^iioH. 

The notation in the 41 6th article being retained; fince 

the 

* One degree of indiftinftnefs can no more be fald to be a multi- 
ple or part x)f another^ than one 'degree of tafte^ or fmell can be 
fkid to be the double^ or half of another. 
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the brightnefs is given, ^ • ^ • oc i (^rt. 360); or, 

A^f^ ... . . A^ 

~^oci. Alfo, fince the indiftinftnefa is given, -t^t* 

oci; therefore -^f>z—^', and/^bcjf^^ or,/ocF , 

Again, —p^-oc I J that is, -p^ oc i ; or, ^♦oc F» ; 

andy^ocF*. 

419. Cor. The magnifying power oc -- (Art. 328); 

that is, as F*. 



t^^^^S^^ 
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Prop. XCV 

420. TF two quantities bear an invariable ratio to eack 
Other y their forrefponding increments are Htf> th$ 
fame ratio. 

Let X and T be die two quantities ; x ancj y their 
correlponding increments. Then, by the fuppofition, 
X : T \\ X+AT : 2^+j; and alternately, X\ X'\-x :; 
T : T'+J^; by divifion, X\x \\T '.y^ therefpre, alter* 
liately, X : T y. x ly. 

I Pjiop. xcir, 

.42 1 . If the fines of two arcs be always iff. a given . 
ratiOf the evanefcent increments of the arcs are pro^orfionaf 

fp their tangents, 

% 

Let AB be a circular arc whofe radius is CA^ fine 
J?2), and tangent AT\ draw EG parallel, and inde*' 
^nitely npar to ,5D, BF parallel to /)(?, ^d join El^, 
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% 



l^htiif the triangle CBD is ficnilar to the triangle 
EBF^ formed by EF, FB, and the chord BE ; for, 
the angles CDB^ BFE are right angles; and the 




Z. EBC is a right angle (Newt. Princip. Lem. 6), 

and therefore equal to the L, FBD 5 take away the 

common angle FBC^ and the remaining "angles, CBD 

and FBE are equal. Hence, FE : BE :: CD.CBi 

and in the fimilar triangles CD By CATy CD : CA 

(CB) :: DB : ATi therefore, FE : BE :: DB : AT^ 

FE X AT 
whence BE = — jr^ — ; and BE is ultimately equal 

to the increment of the arc AB (Newt. Princip. 
Lem. 7) ; confequeotly, ££, the increment of the arc, s 

FE X AT 

— =-g — 5 and fince F£, the increment of the fine, 

varies as DB the fine (Art. 420), BE varies as AT. 

Prop. XCIII. 

422. If a ray of light refradled hito a fphere^ emerge 
from it after anf given number of reJUBions^ to determine 
the deviation of the ray, and the angle contained between 
the .(UreSions in which it is incident and emergent. 

Let a ray of light ti A^ incident upon the fphere 
ABCD at A^ be xefiraded in the direftion ABi ztB 

, Id 
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iet it be riefle^d in the dire£lion BC ; and at C, in 
the direction CJ> ; at Z) let it be refradted out of the 
^here, ia the.dijredion DR; produce RJ^ RD^ to 

Take the center of tke fphere ; join OA^ OB^ 
QC^ OD ; and let A be the angle of Incidence of 
the ray RJ i B the angle of r^fr^dtioo ; R, 4 right 
Uingle, 



Then the Z. OAM=A\ the Zr0^5=the Z. OB A 
<Euc. 5. i) =the Z. D5C (Art. 1*8) =the z. 0C5= 
the Z.O^i)==theZ.O-DC=iB. Alfo, the angles of 
deviation at A and JO are e^qual ; for liBA be fuppofed 
jto be incident at ^ A^ the angle of incidence BA 0% 19 
equal to the wgle of incidence CDO^ oi the ray CD ; 
-therefore die angles of deviation are equal *i and fincc 
ihe angle of deviation ^t 4^ is /^.^ B^ the whole devia^ 
tion arifing from the two fefradions, is 2A-2B. 
■ Ag^in^ the angle of deviation sii Bis f^R-iB^ an^ 
the angle pf deviation, at every other refleaion, is the 
iame ; therefore, if there be j^ reflexions, the w^ole 
jdpyjatijon^ arifing from tjiis caufe, is zpR- 2pB. Tq 

this,.. 



\' 
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this, let the deviation arifing from* the reftadions 
be added, and the whole deviation of the ray froni it's 
original diredion, is tpR-z . p+i • B + 2A. 

Alfo, a deviation through the angle 2pRy which is a 
multiple of i8o% produces no inclination of the emer- 
gent to the incident ray; therefore, the inclination is rc-^ 

prefentedby 2-^^-2 . p+i .5; or 2 .^+1 .B-2A. • 

Prop. XCIV. 

423. If a fmall pencil of parallel homogeneal rays be 
refroRed into afphercy and the ratio of the fine of incidence 
to the fine of refraElion be known ^ to find at what angle 
the rays mufi be incident^ that they may emerge parallel 
after any given number ofrefleElions within the fphere. 

Let RJMy ram, be the direftions of the incident, 
Z>Ny dn^ the directions of the emergent rays ; produce . 
ND, ndy if neceflary, till they meet RMy rm^ in M 
ind m. 

Then, fince AM, am, as alfo DN, dn, are parallel 




V> '"..-•7;/*::^-M 



by the fuppofition, the angles at M^ and m are equal ; 

therefore. 
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therefore, when the rays are incident at, ,or near to Aj 

the angle RMN^ contained between the incident and 

emergent ray, ceafes to increafe, or decreafe; and 

^ therefore, the notation in the Jaft article being retained, 

2w^+i . B - zAj and confequently p+i . B-^Ay 
ceafes to increafe, or decreafe ; that is, the increment 

of ^ +1 . 5, is equal t6 the correfponding increment of 
A. , Alfo, fince fin. -^ is in a given ratio to fin. 5, the 
increment of B i the increment of A :: tang. B : 
tang. A (Art. 421 )i or, multiplying the firft and third 

terms hy p+iyp+i x increment of B : increment of 

A :: p+i . tang. B : tang. Ai and p+i x increment 

of J? = increment of^ + i. 5 (Art. 420); therefore, 

the increment of p+i . B : the increment of An 

p+i . tang. B : tang. Ai and fince the increment of 

p+i . 5 is equal to the increment of y/, when the rays 

emerge parallel, p+i . tang. 5 = tang. A ^^ or, tang* 
A : tang. B :: p+i : i. 

To determine the angles A and By fuppofe x and y 
to be^ their cofines, the radius being unity j and let 
fin. A : fin. B :: m : n. 



Then, \/i ~^* = fin. A; \/i -y = fin. B; 



X 



= tang. A'y ^ = tang. B. And, from the rela- 

tion of the required angles, we have the following pro- 
portions; — : : :: p+i : i> 



and \/i -y : \/i -a:* :: « : «; 



p 3 by 



by compofition^ - : - :: n.p+i : m^ hencc^ J^sar 

^ y 

-?— ; 'y and / =^^ — f^ * therefore^ i - / J 



il* . «V 



multiplying extremes and means, n* - n^x* = m^^ 
^+i]* . nVi hence, ^+i]* - i . «V = w* •*- «*; or 
v//>* + 2 j^ . ttx = %/»?* — «*; confequently, i :'jc 5i 
\/p^+zp 4 « : v/»i* - »*. The cofinc of y^ being 
determined by this proportion, the angle itfejf may be 
fi>und from the tables^ 

Alfo, mm:: fin. A : fin* 5; and the three firffc 
terms in the proportion being known, the fourth is 
known; that is,^fin*£ is known; and therefore the 
angle B may alfo be found from the tables^ 

The angles ji and B may alfo be determined by 
the following conftruftion : 

In the ftraight line CEDA, take CA to CD zsmio 
n, and CA to CE as p+i to 1 j with the center C and 




radius CDj dercribe an arc /)Jf, cutting the tircle 
ABE whofe diameter is -^jB^ in 5 ; draw ABF^ and 
join BCi then, th? fine of the Z. CBF wiU be to the 
fine of the z. CAF ^stntoni and the tangent of CBF 
to the tangent of CAF as p+i to 1 ; and confe- 
quently CBF, CAF will be the angles required. 

Join 
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Join BEy and 'complete the parallelogram CEBG 
produce CG till it meets JBF in F. Then, in. the 
triangle CJB, fin. GBA (fin. CBF) : fin. CAB :: CA: 
CB :: C-(f : CD :: m : n. Again, fince CF is parallel 
to EBi the /. ^FGi is equal to the Z. £5^1, and is 
therefore a right angle j confequently, the lines FC, 
FG are tangents of the angles CBF^ GBF (CAF) to 
the radius BF; and, in the fimilar triangles FCA^ 
FGB, FC : FG :: CA : GB :: CA :CE:'.p+i:i. 

m 

424. Ex. I. If a fmall pencil of parallel red rays be 
incident upon a fphere of water, at an angle of s^out 
5$** • 23', and fuffer two refraftions and one reflections 
the rajrs will emerge parallel. 

m 

Here,^ = I ; and m : n :: io8 : 8i :: 4:35 there- 
fore, I : X :: v/27 : x/y, or x=y/-— jandtheangle 

27 

whofe cofine, to the radius unity, is vZ-^t is 59'.23', 

27 

nearly. 

The angle of refradion By whofe fine is to the fine of 
59^.23' :: 3 : 4, is 4o^I2^ Hence, the whole devia- 
tioiT^ 2JR-4J?+ 2 A (Art. 422), ia X37'.58'; which 
fubtradted from rSo"*, gives the inclination of the inci* 
dent, to the emergent pencil, 42*. 2'. 

When violet rays are thus incident and emergent, 
m : n :: 109 : 81, and in this cafe, ^=:58^4o'i £= 
39\24'5 hence, 22^-4^ + 2-^ is i39*.44', and (he in- 
clination of the emergent, to the incident pencil, 40*. 16'. 

425. Ex. 2. If parallel red rays fall upon' a Iphere 
of water, they will emerge parallel, after two refrac- 

p 4 tions 
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tions and two intermediate refledions, when the angld 
' of incidence is about yi^'.^o'. . 

In thiscd{e5^=2s and i i x :: \/'jz : \/7; there- 
fore the cofine of' the angle of incidence is \^ — , 

which correfponds to an angle of 'ji'^.^o'^ ijearly. 

Alfo, J5=^45^27'J and the whole deviation, 4 /6-*- 
6iB + 2-/^, = 230^58'; hence, the incHnation of the 
emergent, to the incident pencil, which is the excefs of 
the whole deviation above iflo% = 5d**.58^ nearly. 

When violet rays are thus incident and emergent, 
. ^ = 7i*-26'; 5 = 44^47'; 4^- 6\5 4- 2y^=234^^o'; 
and the inclination of the emergent, to the incident 
pencil = 54**. I o^ nearly. 

On the formation of the 'kainboud. 

426. It has long been known that the rainbow is 
owing to the refraftion and refleftion 6f the fun's light 
by drops of rain. Antonius de Dominis firft difco- 
vered that the interior, or primary bow, is caufed by 
two refira£tions of the rays of light at esich drop of 
water, and one refleftion between them ; and the ex- 
terior, or fecondary bow, by two refrad ions and two 
reflcdions between them. This difcovery he con- 
firmed by experiments, which have befen fuccefsfully 
repeated by more modern writers. If glafs globes, 
filled with water, be placed in the fun's light, they 
may be elevated or ^deprefled .till they fuccefBvely 
' tranfmit to the eye, the colours of each bow, in their 
proper order ** 

• Newt. Opt. jtofk 1. Prop. IX, 
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427* To underftand how the interior bow is 
formed, let O be the eye of a fpeftator 5 SOP a line 
faffing through the eye and the fun. At the point O, 




in the line PO, make the angle P0£ = 42^2'; then, 
when a drop of rain, FE, is in fuch a fituation that the. 
angle which 0£ makes with a perpendicular to it^s 
furface at E is 59**. 23^ a fmall pencil of parallel red 
rays will ebierge from it at £, and enter the eye in the 
direction EO. For, if 0£ be confidered as (he inci- 
dent pencil, it will emerge, after two, refractions and 
one refledlion, in the diredlion F5, which makes an 
angle of l37^58' with OE produced (Art. 424), or, an 
angle of a2'*.2' with 0£, and is therefore parallel to 
OS ; thus FS will pafs through the fun*. Converfely, 
out of the beam of fun-light which falls upon the 
drop, the red rays incident at, and near to F, will, after 
two refraftions and one refleftion, emerge parallel, and 
entering the eye in the direftion EO (Art. 29), will 
excite the fenfation of their proper colour. 

In 

• The diftance of the fun is fo great, that two lines drawn from 
^ny points upon the furfece of the earth, to a point in his difc, 
inay be confidered as parallel, in thefe calculations. 
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In the fame manner, if OE revolve about the axis 
OP, cvci'y dr(^ of water in the furface of the cone 
thus defcribed, will tranfmit to the eye a fmall parallel 
pencil of red rays ; and thus a red arc, whofe radius, 
meaftired hy the angle which ' it fubtends at the eye^ is 
^z^.z\ will appear in the falling rain, oppofite to 
the fun. 

The other red rays of the beam which falU upon 
the drop F£, will, at their etnergence, be inclined 
at different angles to the direction of the incident 
rays, and be fo much difperfed before they reach the 
eye, and enter it in fo weak a ftate, mixed with other 
rays, as to produce no diftinft effeft. 

The parallel pencils of red rays, which emerge frpm 
other drops, fall above, or below the eye. 

If the angle POD be 40^I6^ and OD revolve 
about the axis OP, every drop of rain in the furface 
of th6 cone thus defcribed, will tranfmit to the eye a 
paraUel pencil of violet rays ; and thus a violet arc 
will be formed, whofo radius is 40** i6'. 

The* drops between E and D will tranfmit to the 
eye parallel pencils of rays of different colours, orange, 
yellow, green, blue, indigo, in the order which they 
have in the prifmatic fpedrum (Art. 366) j and the 
radii of the arcs of thefe refpedive colours may be 
' calculated by the method employed in the 424th 
Article. 

428. "Again, let the angle POI^^o^.^Vi and the 
angle POL^54Mo'. Alfo, let O/, OL revolve 
about the axis OP. Then, it may be (hewn as in the 
preceding cafe, that every drop of rain in the conical 
furface generated by 0/> will tranfmit to the eye a 

fmall 
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panllel pencil of red rays, which has fufi^ed 







two refradions and two reflexions, but fufficiently 
ftrong to excite the fenfation of it's proper colour. 

Alfo, every drop in the conica| furface generated by 
OL will tranfmit to the eye a fmall pencil of parallel 
violet rays ; and the intermediate drops, parallel pen- 
cils of rays of the intermediate colours. Thus the 
exterior bow is formed, in which the radii of the red 
and violet arcs are, refpeftively, 5o*.58^ and 54^.1 6', 

The radii of the intermediate arcs may be deter-r 
mined by the method employed in the 425th Article. 

429. Cor. I. The colours in the two bows lie in ^ 
contrary order; the red forming the exterior ring of th^ 
primary, and the interior ring of the fecondary bow. 

430. Cor. 2. Were the pencils fufficiently ftrong, 
a third bow^ formed by two refractions and three re- 
flections of the fun's rays in drops of rain, might be 

&en. 
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feeq. But, when tb€ rays which are refra£ked into ^ 
drop of water, reach the farther furface, fome of them 
pafs out of the drop, and others are refl^ded within it. 
When thefe reflefted rays again meet the furface, fome 
of them pafs out of the drop, and others fuffer another 
refleftion ; and fo on ** Thus the pencil becomes 
weaker at every refledion ; and at length it contains 
fo few rays as' not to make a difUnft impreffion upon 
the retina. 



• Prop. XCV. 
431. To find the altitude^ and breadth of the rainbow. 

The conftrudion being made as' in the 427th 
Article, through draw HOR parallel to the horizon. 




Then the angle ROSy or HOP, meafures the altitude 
of the point S above the horizon ; and the altitude 

of 

• This is a fadl, the caufe of which has not been fatis^ftorily 
explained. Sir Is a a c Newton fuppofes that rays of light, when 
they arrive at the furface of a medium, are fometimes in a ilate to 
be reflected, and fometirnes to be tranfmittedj thefe ftates he calls 

fits 
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of the higheft poii^t of the red arc above the horizon, 
ih the primary bow, is meafured by £0H, or £0P— 
HOP J which is equal to 42^2'~ HOP. Alfo, the al- 
titude of the higheft point of the violet arc is meafured 
by DOP - HOPy or 40-, 1 6' - HOP. Hence it follows, 
that the breadth' of the bow, fuppofing it to be formed 
by the rays which come from one point 5, in the fun's 
difc, is 42**. 2' -40*. 1 6', or, i°.46'. 

The breadth, thus determined, muft be increafed by 
30', the fun's apparent diameter ; for, the higheft red 
arc is produced by the rays which flow from the loweft 
point in the fun's difc, and if i?05, or HOP, meafure 
the altitude of the fun's center, the altitude of the 
higheft red arc is 42^2' — HOP + 1 ^' , alfo, the loweft 
violet arc is produced by the rays which flow from the 
higheft point in the fun's difc, and therefore the altitude 
of this arc, is 40°. 16'- HOP - 1 5'; confequently, the 
breadth. of the bow is l^46' + 3o', or 2**. 16'. 

In the fame manner it appears, that the altitude of 
the violet arc, in the exterior bow, is 54°.io'-«SO-R; 
and the altitude of the red arc, ^o^.^S'- SOR^ there- 
fore, the breadth of the- bow, formed by rays whicli 
proceed from any one point in the fun's difc, is 3*^.1 2', 

• If 



.Jits of eafy refledion, and tranfmiffion ; and accounts for thfiin in the 
following manner : " Nothing more is requifite for putting the ray^ of 
light into fits of eafy reflexion, and eafy tranfmiffion, than that they 
be fmall bodies, which by their attradlive powers, or foihe other 
force, ftir up vibrations in what -they adt upon; jvhich vibrations 
being fwifter than the rays, overtake them fucceffively, and agitate 
them, fo as by turns to increafe and diminifh their velocities, and 
thereby put them into thofe fits." Opt. Query 29. 
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If to this wc add 30V the fun's apparent diameter. 




ive have the aftual breadth of the exterior bowar 

432. Cor. I. Since the altitude, of an arc of anf 
colour in the bow is equal to the radius of this- arc 
diaiini(hed by the fun's altitude, when the fun is in the 
horizon, the attitude of the arc is equal to it's radius> 

433. Cor. 2. The radius of any arc in the rainbow 
is equal to the altitude of the arc above tt;ie horizon^ 
together with the {un*s altitude. 

434. Cor. 3. When the fun's altitude above the 
honton^ ts equal tQ, or exceeds 42''. 2^ the primary 
bovr cannot be feen ; nor the fecondary^ when his 
altitude is equal to« or exceeds ^4!", 1 o\ 
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Prop. XCVI. 

435. Having given the radius of an arc of any colour 
in the prvnary rainboWy to find the ratio of the fine of inci- 
dence to the fine ofrefraEtion when rays of that colour pafs 
out (fair into water. r 

If ^ be the angle of incidence of the cfFeftive rays, B 
the angle of refraftion, the radius of the arc is 4^ - 2^ 
(Art. 422)5 let the tangent of iB-Jj half this angle, 
to'the radius unity, hta;z the tangent of 5. Then 
22 = tang, jf (Art. 423 ) . Alfo, from the principles of 
trigonometry, tang. 2^ : 2 x tang. B (xz) :: i* : 

2Z ' 

i*-2*; therefore tang. 2-8= ^. Again, tang. 

zB-A (a) : tang. zB- tang. A i J3^ -iz\ :: 

t . 425** . 22 , 4^2* . 

I : I +^^ i) hence> - — 22=^ + --^-- — %i and 

X - z I - z* I - 2 ^ 

by reduction, 22;'- 3/22* — ^=:(?. The value of z 

being obtained f from this equation, the angles B and 

A9 and confequently their fines, may be found from 

the tables. 

436. Cor. In the fame manner, if ^ be the number 
of refledions within the drop, z the tangent of B^ Q 

the 

* The propofitions here referred to are the following; 

I& The tangent of the Cim of two arcs, is to the fum of their 
tangents, as the fquare of radius, is to the fquare of radius dimi- 
nifhed by the redbingle under the two tangents. 2d. The tangent 
of the difference of two aiics, is to the di£erence of their tangents^ 
as the fquare of radius, to the fquare of radius increafed by the 
reOasgle oader the two tangents. Mr. Vi nce's Trig. Art. 1 1;. 

t This equation has two impoffible roots. Vid. Alg. Art. 358. 
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the td.ngent of ^+ 1 .B^ a the tangent of />+ 1 •B- A^ 
then/> + I . Z:^K2iZig. A; and a: Q-p + .i . z :: i* : 

X*+p+i . Sz; therefore S-/»+i .2= j+/>+ 1 .^Sz. 
From which equation, the value of z being found, 
the angles A and 5, and confequently their fines, may 
be determined by the tables. 
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Prop. XCVII. 

437. When a fmall pencil of diverging^ or converging 
rays is incident obliquely upon a fpherical refteSor^ in 
plane which pajfes through ifs center ^ to find the geometric 
cal focus of refiedled rays. 

Let BC be a Ipherical refledlor whofe center is £ ; 
2,Ay2B two rays of a fmall pencil incident obliquely 




upon it, in the plane QAE ; AGj Eg the refled^d 
rays, or thofe rays produced backwards ; q their inter- 
feftion. From £, draw EDd, EGg at right angles 
to 2A9 AG; and when the arc AB is dimiiiifhed 
without limit, they are alfo at right angles to 2,5, 
Bg} join EA, AB-, from Af draw At^ Aa2X right 
angles to 25, f jB, produced if necefiary ; bifeijl ADy 
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AG in F,/. Then, the angles EAD, EAG are the 
angles of incidence and refleftion of the ray QAy or 



, \R/^^^ _( 


f 






S«f F 





p 






equal to them; therefore they are equal to eath otiier; 
the angles ED Ay EGA are right angles ; and the 
fide EA is common to the two triangles EADy 
EAG; confequently AD = AG, and ED = EG. In 
the fame manner, £^=£^; whence, Dd^^Gg. Again, 
in the evanefcent triangles A Bay ABby the angles ABby 
ABa are complements to the angles of incidence and 
refledion of. the ray S5, or equal to thofe comple- 
ments J therefore they are equal to each other ; alfo, 
the angles AbBy AaB are right angles ; and AB is 
common to the two triangles; confequently, Ab = Aa. 
Now, in the fimilar triangles QDdy 2 A by Si A : 
QD :: Ab : Dd :: Aa : Gg-y and in the fimilar tri- 
angles qAa, qGgy Aa : Gg :: Aq : qG y therefore, 
3 A : 2D \i Aq I qGi whence, by compofition, and 
divifion, 2A+2£i : 2A^2D :: Aq+qG : Aq^^qG^ 

that 
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^43 



chat is, 22F : zFA :: zAf : Af -^fq^ 4f-fq 
(zqf) ♦; or, SF : FA :: ^/ ifq. 

438. Con I. In the cafe ceprefented by the firll 
figure, QF and FA are meafured in oppofite diredions 
from Fi and iince QA : 2Z) :: ^f : qGy aad S^ is 
greater than QDy Aq is greater than qG; and th^e<- 
fore Af and /^ are meafured in oppofite diredions 
from/; hence it follows, that the equal redan^es 
2Fxfq and FA x ^ have, in this cafe, cbe fame figo^ 
therefore they will always have the fame fign ; that is, 
whenever QF and 2 A are meafured in oppofite direc- 
tions from F^ Af and fq are meafured in oppofite 
diredions from /; a^d the Contrary, 

439. Cor. 2. When the incident rays are parallel, 
FA is evanefcent with refped to 2Fj therefore /j is 
evanefcent with relped toyd^;. or, ^ coincides with/. 
Htre,Aq = iAG=iAD. \ ■] , \ 

.440. Cor. 3. If i) be the focus of incident rays, 
G will be the fcK^us of reflcded rays. In this cafe, 
2F=zFA', therefore A/=:fq ; and fihce 2F and FA 
are meafured in oppofite diredions from F, Afzndfq 
muft be meafured in oppofite diredions from /; con- 
fequently, q coincides with G. 

441. Con 



* This conclufion depends upon the fuppofitioitthat when ^jf 
and ^D are meafured in the fame diredlion from ^, qA and qG 
are meafured in oppofite directions' from q. If this be not the caie, 
Jfq -{• qG-zi ^qfi and Aq^^ qO zz 2/A jn %FA} therefore 2,qf^ 
a^F, atid q/zz ^F. Now let the ra^s be incident iieariy per* 
pendjcularly upon the refledor, and J^ and/* couicide jwith the 
ffiiicipa] focus ; therefore ^and ^ ace always equ^y ^iilantfrom 
the principal focus, whiph is abfurd (Vid« Art. 50), 
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441. Cor. 4. If 3 be a point in the circumference 
of the circle BC, /^^=-^2F; therefore /j= 4.4/"= 

QA; hence, Jq=:iaj+-^2A^i^2A. 

442. Cor. 5. The fame propofitions are true of any 
other refleaing curve, if E be the center of curvature 
of the evanefcent arc JB. 

443. Def. If an indefinite number of fmali pencils 
belonging to the focus 2, be incident, in the fame 
manner, upon the refleding furfiice JSC, the curve 
which is the locus of the geometrical foci of reflefted 
rays, is called the caujic by refleSIion. 



Prop. XCVIII. 

r 

444, To determine the form of the caufliCf when the 
refleSing curve is a circular arcy and parallel rays are in-' 
cident in the plane of the circle. 

Let C be the center of the propofed arc ; CBj that 
radius of the circle which is parallel to the incident 




rays ; and ACM the diameter which is perpendicular 
to CB. Suppofe GHy one of the incident rays, to be 
reflefted in the direftioa HD^ join CH-, bik& CH 

in 
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in f, and HI in O; wSh the centers C, O and.radii 
CI, OH, deicribc the circles ^E/F, HKI; and let JC 
be the interfeftion of HKI and i^i); -join OK, IK; 
and from C draw CZ) perpendlciilar to HD. 

Then, fince the angle HKI, in a femi-drde, is a 
right angle, the triangles HKI, HDC are fimilar; 
whence. HD : HK :: HC : HI :: 2 : 1 ; therefore K 
is a point in the cauftic (Art. 439). Alfo, the Z. 
KOI=zJLlHK=z £.CHG {Art. iS) =z MICE' 
(Euc. 29. I ) ; and fince circular arcs ^e as the angles 
which they fiibtend at their refpedtive centers, and 
their radii jointly, the arc EI : the arc IK :: i x 2 : 
a X I'. Hence it follows, that the locus of the point 
A! is an epicycloid, generated by the rotation of the 
circle HKI upon the circle EIF, iu the plane of 
incidence AHM. 

Prop. XQX. 
445. To find the nature of the caufiic, wh?n therefieB- 
ing curve is a circular arc, and ike focus of incident rays 
is in the circumference of the circle. 

Let AHM be the reflefting circle, C it's center, A 
the focus of incident raysj draw the diameter AM; 




■and let the ray AH he reflefted in the direction HK; 
join CH, and divide it into three equal parts CI, 10, 

OH-, 
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OHi with the centers C an^ O, and radii CI, 01, 
defcribc the circles EIF, IKH; let K be the inter- 
fcftion of the refleaed ray HK, and the circle HKI; 
join OK. Then, lincc the Z. OXff=the L OHK= 
the i Cif^=the,Z. CAH, the triangles ^C^, ffOAT 
are fimilar, and HA : HC :: HK i HO; alternately, 
HA : HK :: i/C : HO :: 3 : i j therefore JT is a 
point in the cauflic (Art. 441]. Alfo, Cinc^ the Z. 
HOKr=the I. HCA, the i /C£=the.i. XO/; and 
the radii CI, 01 are equal j therefore the arcs EI, IK, 
are equal ; and the locus of the point £ is an e|Hcy- 
cloid, generated by the rotation of the circle HKJ 
upon the circle EIF, in the plane of the reflecting 
arc AHM. 

Prop. C. 
446. To find the nature of the caufiic, when the refleEt' 
big curve is a comtnoH cycloid, and the nrfs are incident 
parallel to it's axis. 

Let AHM be the refleAing femi-cycloid, whofe 
hafe is JD, and axis DM; GH a ray of light incident 




upoB it at Hi MHS the fiiuation of the generating 

circle. 
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circle, when the point which traces out the cycloid is 
at i7; and let / be the point in contafl: with the bafe/ 
Take O^the center of this circle, and draw the diame- 
ter HON ijom Oly bifeft the line 0/in C, and with . 
the center C and radius C/, defcribe the circle OKI^ 
cutting HN in Jf; join IK^ CK. Then, fince 0/is 
perpendicular to ^JD, or parallel to HGy the jLO[H=i 
the Z. GH/; and the Z. 0/if=the Z. OHI; there- 
fore, the L. OHI= the jLGHIy and the ray GH is 
refledled in the diredbbn HOK^ Alfo, fince IK is 
perpendicular to HKj and IH is half the radius of 
curvature of the cycloid at H (Mech. Art. 287), HK 
is one fourth pirt of the chord of curvature in the 
dire6kion of the reflefted ray ; and therefore JST is a 
point in the cauftic (Art. 439). Again, fince the Z^ 
KCI^i l^NOI, and 07=2 /C, the arc /A:.= the 
arc IN =-ID j therefore, the locus of the point JST is a 
common cycloid, whofe bafe . is AD^ and generating 
circle OKI. 



Prop. CL 

447 . IVken a fmall pencil of homogeneal rays, falls ob- \ 
liquely upon a plane refraSiing furface, and in a plane 
which is perpendicular to that furface^ hanging given the 
focus of incident rays^ and the angles of incidence and re^ 
fraElion^ to find the geometrical focus ofrefra£iea rays. 

Let BAG be the refrading furface; 2 A, 25, the^ 
extreme rays of the oblique pencil, incident in the plane 
of the paper; qA^ qB produced, the direftions in which 
they are refraded s q the interfeftion of the refrafted 

rays. 



If 
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rays. ' From 2 and q draw 2C, qc at right angles to ^ 
BC', and from ^, draw, Ja^ Ab, at right angles to,. 




25, qB. Take S and s to reprefent the lines of inci- 
dence and refradion of the ray 2^; C and c xheir 
cofines ; T and / their tangents. Then, fince the 
angles .^2 C, j52C, are equal to the angles of inci- 
dence, and JqCf Bqc, to the angles of refradion of 
the rays 2Aj QB, B2A and BgJ are contempo- 
raneous increments of the angles of incidence and re- 
fraftion of the ray 2yf ; and therefore, the Z. B2/i : 

the JL BqA: T: /* :: ;:; : -. Alfo, the Z. BQA : 

the A BqA ::^ : — ^ ; and fince 'Ja, Ab are the 

oC A qA 

cofines of the angles of incidence and refradion, to the 

radius BA, £^ : -^ v. the l. B2A : the /^BqAi: T: 

JiA q A 

/ :: ^ : -; whence, ^/f: 2A::-^ : - ::^^ : p-. 

448. Con i. Since 2A : 2C :: r (radius) : C, we 
have2i^ = — 7?^. In the fame manner, f ^ = 



i-x^r 



• Art. 421. 
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C 



249 

- ; whence. 



T t 

449. Cor. 2, In the lame manner it may be proved, 
that S^=^^; and ^aJ-^L^; whence, '-^^ : 

u S S 

rxJC T t - y A A^ T 

— s — :: 7; : -; confequently, Ac : AC :: - — -. : 
c r o X C 

sx c Cr c* 



Prop. CII. 

450. ^>i^« a/mall pencil of homogetteal rays falls ob^ 
liquely upon a fpherical refieRoTy in a plane which paffes 
through it*s center^ having given the focus of incidetit raySj 
and the angles of incidence and refraSlion^ to determine the 
geometrical focus of refrdEled rays. 

' Let 91 A^ 25, be the extreme rays of a fmall pencil 
incident obliquely upon the fpherical refraftor AECy 



in a plane which paffes through it*s center jP^nd let 
Aqy Bqy be the fefiraftcd rays. ' Draw EdD, EgGy 
and Bay Bby at right angles to QAy qA, or to thofe lines 

R produced 5 
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produced ;* and when the arc :/^£ is diminiQied.witbv 
out limit, Ed and Egy are at right angles to 2d, Bq. 
Take / and R to reprefent the angles of incidence and 
rcfradionof the. ray QJ. Then, fince ED : EG :: 
fin. / : fin. R :: Ed. : E^, wc have Dd :Gg :: fin. / : 
fin. R (Euc. 19. 5). Alfo^ Bdi £&are the cofines c£ 
I and R% to the radius AB. 

From thefe two confideratipas» and the limilarity cf 
the triangle^ 2Dd, QaB; and qbBy qGg; we obtaia 
the following proportions ; 

Dd : Gg :: fin. / : fin. R ; 

Gg : Bb :: Gq : ^ j (Aq) ; 

jB^ : 5^ :: cos. R i cos. /; 

BaiDd:: 2a (2 A) : SjD; 

by compounding which proportions, we have fin. /x 

Crjxfps. /?x2-^ = fin. jRx^jxcos. Ix2D; and 

fin. 22 

X S/> :i 



Cn I 

therefore, Aq iGq \i — ^^ x 2A 



cos. R 



cos. / 
tang, /x 2 A : tang, i? x 2D. 

451. Cor. I. The diftances qA, qG, muft be mea- 
lured in ihc fame, or oppojiie direftions from q, accord- 
ing as 2 Ay 2Dj are meafured in the fame y or Qppqfile 
direftions from 2 *. 

452. Cor. 2. When the incident rays are parallel, 
2A =: 2Dy and therefore Aq : Gq :: tang. / : 
tang. R. 

453. Cor. 3. On the foregping fuppofition, when 
the rays pafs out of a rarer medium into a denfer, and 
the angle of incidence becomes nearly a right angle, 

; ^' * tang. 

• • Vid. Aru 438, andNotc, p. 243. 
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j, t^ng. / is Indefioltely greater ^han tang. Ri therefore 




ijG vanilhes j or q bifeds the chord of the arc, cut off 
by the rcfrafted ray. 

454. Cor. 4. Whcii the rays are incident nearly 
perpepdicularly upon the refrading fvirface, tang. / ; 




tang, i^ :: lin. / : fin. R; alfo, JD and G coincide 
with E'^ therefore f C : qE :: fin. Ix 2C : fin. if x 
QE. 

455. Cor. 5. Similar conclufions may be drawn re- 
fpeding the refradlion of a fmall pencil of rays at any 
othf r furface, if E be the center of cyrvature of the 
jrcfraftpr at the point of incidence. 

On this fubjefl-, the reader may conftilt Hayes's 
Fluxions, Sed. IX, X. Smith's Optics, Book 11, 
Chap. IX. 

THE £ND. 
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